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t. Introduction. The problem of representing the 
doubly periodic functions of the first (i. e. elliptic), 
second and third kinds (using a terminology introdu-
ced by HERMITE) in various types of trigonometric 
series has been discussed by many authors including 
the distinguished Portuguese mathematician FRAN-
CISCO GOMES THIXEIRA. T O TEIXHIRA WE o w e a s y s t e -
matic study (') of the developments ot the functions 
of the second kind, and the present writer is glad to 
acknowledge the influence of this paper of TKIXEIIIA 
On his study of certain related problems. (*) 

In what follows we shall be concerned with an 
arithmetical result which is implied by an identity 
which involves the JACOBI elliptic theta functions and 
certain doubly periodic functions of the second kind. 
The latter are meromorphic functions which satisfy 
periodicity conditions of the form 

(1) / ( 3 + 2 6 > ' ) » C / ( Z ) , <J=jfcl, 

Included in this category are the following 

(2) / d ^ y ( « , 6 - 0 , 1 , 2 , » ) 

for which, in a standard notation,^) we have ft', = 
= S j ^ i J , , (2 u , 2 to') = (IT , r. T) , 0 < amp T -C ir and 
c—exp{—2&>), These functions were first discovered 
by JACORI C) in connection with his work on the dyna-

<•) Received April, IBM. 
( ' ) P. GOMES TEIKKIKA, «Sur lo développement des fonctions 

doublement pèriodfques de seconde espèce eu série trigonomé-
tri que J. fttr die Reine und Ang. Mat. 125. (1Û01) p.p. 

( ' ) SI. A. BASÍICO (1) BuU. Am. Math. Soc. 37 (1331), p.p. 
301-318, (II) Ibid, 38 (1032), p. p. 560-558, (Hi) Am. J. Math. 
54 (1SS2) p.p. 213-252. 

{ ' ) "WiriTTAKEit AXD WATSO*, jtModern Analysis*. Chap. XXI . 
Jacobi , lt>.-jv-, Bd. 2, p . p . 2M-35t. 

mics of a rotating rigid body. HKRHITB (') was the first 
to obtain the Fourier Series developments of these 
functions and TLIXEIRA (s) has shown how HEEMITK'S 
results could be obtained as examples illustrating 
his general theory. For future reference we note that 
the function J>)i( (s , v) has the development 

(3) »i a -A-5 . - ; ; *= c o t 3 + c o t u + di (s) {(-•) 

+ 4 |j (s, Birl 2 (ds + > 
where the inner sum ranges over all the positive, 
integral divisors d, o of n , and 3 (a) , 3 (v) are less 
than 3 (TTT) , 

2. The Analytical Identity. The basic identity 
which is to be established is obtained by using a 
procedure which is in the spirit of the methods used 
by T u m i i (loc. cit.) suitably modified to take care 
of the fact that we begin with a function which hat 
the periodicity properties of a doubly periodic func-
tion of the third kind (J). 

Consider the function 
(4) f (y) = «4 (x + y + z) <j,ui {x + y ^ y ) , 
where <e and z are regarded for the time being as 
parameters and y is a complex variable. It follows 
from the properties of the theta functions that 

J . / ( J R - M - F(V), 
I f(V + » * * ) = ft"'e'{s~"f{y) , 

<j — exp (iti 'r) , n —> integer . 
The function f(y) has simple poles at y — n^T, 

( ' ) IIEKXITE, Oeuvres, t. 4 p.p. 190 and 1119-300. 
(<) T I I I B I M , I n . clt. p.p. 317-313. 
(•) For tba general theory of these functions, reference may 

he made to ft monograph by APPEI.I. in the Mémorial des Sciences 
Mathématiques, 36, (1928). Alto to M. A . BAÏOOO, Acta Malhe 
iniitica, 5 7 . 
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and at y = — s - t -Hicr , « = 0 , + 1 , + 2 , • • •, with 
residues — e~ini: flj (a + it) and g"' e-=,,ii:r1-" (3) 
respectively. 

Let C represent a contour in the y-complex plane 
composed of (n + 1) cells (of width ic) above and 
n cells below the real axis and consider the auxiliary 
function 
(G) * < i ) = / < < ) c o t {t—y) , 

which has poles at t—y, f - i i n ; and — x-\-nn T . 
The residue at t=>y is / (y) . An application of the 
CAUcay residue theorem leads, upon letting « - » « > , 
to the result: 
(7) ftj (x + y + z) * i ti (x + -

= &s (s) 1 (x + y , x +• z) - 8-j (as + ») It (y, e) 
where, 

(8) '/ <11, v) — V] " cot (u - r t i ) , 

q — ex p (tt i r) . 
Subject to the conditions noted below, we may 

express this result in tlje form 
• H? 1 

(9) '/ (u, v) = cot u + 2 2 cT* sin 2 » v + 
1 30 

+ 4 5 3 sin 1(3 — d ) « + 2 ( i f ; ) , 
ft«1 

where the inner sum refers to all the positive integral 
divisors d , 3 of n such that i i < 3 and 3 = rf, 
(mod 2) and («) , tJ (?) are less than 3 (*r ) . 

3. The Arithmetical Identity. If the expansions 
(3) and (9) are snhstitued in (7) and if we use the 

fact that (a) —• ^ c o s 2 n s , we are led, 
n v — w 

after a fairly long calculation to the relation: 

4 23 s i n 2 +» ) ( i - d + 0 y ] -
*=1 I fa) 1 

o> . 
- < z ° J 2 s i n I0 1 + + ,(*' - A ) y + •>1 i (i) 
-I- 2(4 — h) z] — 2 sin [ - 2hx + (a1 - a) y + 

!n 
1 K 

+ 2(A—A)«]!+- cot (x+y) 2 («) [ c o s2sz -
J n- I 

— cos 2 s (x + y + a)] — 
CO 

— cot y 2 * ( '0 [ c o a 2 i (at + s) — 

— cos 2 s (x + y + z)] + 

+ 2 (n) { 2 [cos 2r a sin 21 (x + z) -n—t L Irfl 
— cos 2 !• (x + «) s i n 2 {s] j , 

(10) 

where the integer® i, d, S, k, a , a ' , t are subject to 
the relations: 

(a) n = ; i + 2ii3, i ^ O , S > 0 , < i > 0 , 
(b) n - W + Ai', h%0, 0 < a < a ' , a=a ' , mod 2-

( " ) 
(c) n = s*, 0 , t (n) = 1 or 0 according as n 

is'or is not a perfect square, 
(d) = + r > 0 , / > 0 , i.(ii) = l or 0 

according as » is or is not a sum of 
two squares. 

The terms in (10) which involve the cotangent 
functions may be reduced by means of the formula 

r— 1 
sin r u cot « = COS (r — 2k) u. 

I 
The resulting terras when combined ivith the last 

series in (10) give the following simplified expression 
tt— 1 ™ f J - 1 

(12) 4 2 « ( » ) { S [sin O +jy + is) -
B-l '; = < 

— sin (sx +jy + »z)]| + 

+ ^ ">.(«) s in ( ' » + (»* ~ • B-t I hi) 3 
In this way it is seen that (10) contains only trigo-

nometric terms of the form sin (a x -j- JS y + •y z) where 
a , fi ,7 are integers. 

Using a procedure which was probably first used 
by LIOUVILLE in connection with his celebrated arith-
metical formulae (LIOUVILLE, in this connection merely 
gave results; no proofs where given) and which in 
recent times as been fully justified by BELL F1) wo 
obtain the following «paraphrase» of (10): 

Let F (x,y ,z) be a single valued function defined 
for integral values of the arguments and subject only 
to the of parity conditions: 

» - « ) — F f a . y , » ) , F ( 0 , 0 , 0 ) - 0 . 
Then identity (7) implies and is implied by the 

arithemetical identity: 

(13) + d + 

+ 4 a1—a •«K 
, IK 1 V 

:, i—h\ 
2 ' 2 

-F + »(») T{n) + X(«)£ («)» 

where, 

( ' ) E. T, Bn.I, , (1) TVrtnt. Am. Math. Sue., 22 {19B1) p.p. 1-tO 
»rid 19S-S19, (II) Cvloquium Publication!, Am. Hath. Soc., 7, 19i!8. 
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and 
L (») r ( r > ° ' r - ' n ™ ** + r ' ( > 0 

and (a) , (b) refer to integral partitions ( I I ) , in 
which n is an arbitrary positive integer. 

4, Conclusion. Somewhat simpler formulae may 
be obtained by restricting the parity F (x,y,z) 
through either of the following conditions : 

1) F(-x,y,z) = F(x,y ,z) ,F (x, - y, - • ) = 

2) F(-x,y,*)= - F (x,y,z) , F(x,-y,~ a )~ 
= F ( » , » > ) , = 0 . 

Corresponding to these more restrictive parity con-
ditions we have respectively : 

(14) 2 F ( S + i , 5 - r f + i , 0 = 

(15) S +'r> 6 ~ d + = 
(a) 

r / A ' + A A ' — A \ 

+ r (A ,tLi, a _ -k\ J + .(«) T(n) . 

These formulae are of interest in connection with 
certain results obtained by UsPENSKy in a series of 
memoirs ontitled nSur les Relations entre les Nom-
bres de Classes des Formes Binaires et Positives» (l). 
In fact, formulas (14) and (15) were obtained by 
USPENSKY using purely arithmetical methods. These 
methods are «elementary« in the sense that no 
analytical processes are used, but this docs not 
necessarily mean that they are simple. By way of 
application of these results it may be said that 
USI*ICNSSY has used these formulae to enumerate the 
number of representations of a number as the sum of 
three squares, the enumerating function being a 
divisor function. Hence we see that these formulae 
are related to OAUSS' classic enumeration in terms of 
the class number function for binary quadratic forms 
of negative discriminant. 

It is clear that results analogous to (13), (14), (15) 
may be obtained by replacing equation (4) by the 
functions 

f(y) = (* + V + =) (" i «) > 

where u , v are linear functions of x and y . 

( ' ) J. V, I B P E ' , Hull, de ['Academic dee Sciences dt 
I'U. S. S. R (1926) p.p. S41-S«« and Ball. Am. Math. Soc., 3 6 
(1330) p.p. US-J 51. 


