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On fhe densfí/ of irreducible polynomials 
by Wolmer V, Vaiconceíoi* 

This short note concerns tbe frequency, in 

some sense to be precised, with which the 

irreducible po lynomia ls appear in some poly-

nomia l r ings. W e deal specif ical ly with the 

case when the coefficients are taken in a 

finite field. 

To simplify tho a rguments we deal with 

pr ime fields, i. e. Zp . Tentat ively we define 

a set function on the class of subsets of the 

po lynomia l r i ng Ft = Zp[x~\. Le t 

Tbe po lynomia ls in S of degree at most n 

are in a finite number , which we denote by 

D „ ( 5 ) . I f Dn(S)/Dn(B) has a l im i t as n 

increases, we denote it by £>(S) aDd the 

class of a i l such S by $ . The fo l lowing 

obvious propert ies of D h o l d : 

1. i (bounded) 

2. I f ScS' then D(S)<D(S') 

(monotone) 

3. I f S n S ' = f ) , then Z> (S [_ ) £ ' ) = 

— D{S) + D(S') (finitely addit ive) . 

W e say that D is a density funct ion on S. 

The main result i s : 

THEOREM. Let I be the subset, of irredu-

cible polynomiaiit in Z p [x], then D ( I ) = 0 . 

PROOF. F o r definiteness let K be an 

a lgebra ic closure of Z f . Due to property 3. 

it is enough to prove for tbe subset S CZ / , 

consist ing of raonic po lynomia ls . I f I ' { n ) is 

the number of those po lynomia l s of degree 

n , n-P{ii) is the number of elements in K 
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of degree n over Z p . This fo l lows f r om 

the fact that the roots of those po l ynom i a l s 

are s imple ( Z p is perfect) and dist inct poly-

nomials do not have a c ommon roo t . O n the 

other h a nd , if we ad jo in to Zp any e lement 

of degree n , the extension is the sp l i t t ing 

field of xfn — x, and so each e lement o f 

degree ii over Zv is root of this p o l ynom i a l . 

Since it has not more than pn roots we get 

n • P ( n ) ^ p n . 

This impl ies Dn (S) = V so 

t i 

that Dn (S) /Dn(R}^ 2 

A s t ra ight forward use of the in tegra l test 

wi l l complete the proof . J u s t not ice 
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I t is clear that the same argument ho lds 

for where F is any finite field. I f ins-

tead, we take Z [jr] where Z is the r i ng of 

integers, we can cope with the infinity of 

elements in Z in the fo l lowing w a y : the 

height of a po lynomia l is understood as the 

sum of the abso lu te values o f its coefficients 

and for S<zZ[x], Dn(S) is defined to be the 

number (finite) of po lynomia ls in S o f de-

gree and height at most n . However a simi-

lar result for the irreducible po lynomia l s 

does not seem to be at hand . 
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