GCAZETA DE MATEMATICA

An absolutely independent axiom system for groups

por José Morgado

1. Introduction

The notion of an absolutely independent
axiom system was introduced by FRANK HARARI
in [1]. Following HArARI, one says that an
axiom A of the form «p implies ¢g» never
holds in a model M, if the hypothesis p
occurs at least once in M and, furthermore,
whenever p is true, g is false (one admits
the possibility of taking p as an universally
true statement). Let S be an axiom system
and AeS; if there is a model in which.
A never holds and every axiom in S — {4}
holds, then A is said to be very independent.
The axiom systema S is said to be a very
independent axiom system, if each of its
axioms is very independent. One says that
S is an absolutely independent axiom system,
if for every subset &' of S there is some
model in which each axiom belonging to S’
never holds and each axiom belonging to
8 — §' holds.

In general, the usual axiom systems are
not absolutely independent.

Hararr gave in [1] ap absolutely indepen-
dent axiom system for equivalence relations
and conjectured that some, but not many,
others might exist.

J. W. Eruis presented another independent
axiom system in [2], which selects the sub-
groups among the subsets of a group.

In [3], R. A. JacossoxN and K. L. Yocom
stated that a groupoid < G, = > satisfying
the following axioms

(i) there is an element e such that xxe=x
for all x,x=Fe;

(i) forall x, y, z, z5te0, xx(ynz)=
=(x%y)*2z;

(i) x*w =1y has a unique solution w
forall x, y, x+y,

is a group.

Next, they proved that these axioms cons-
titute an absolutely independent axiom system.
(It is supposed that G contains at least
three elements).

Neverthless, the axioms (ii) and (iii) are
too strong.

The purpose of this note is to weaken the
axioms (ii) and (iii) and to obtain another
absolutely independent axiom system for
groups.

2. A definition of a group
We are going to state the following

THEOREM. Let << G,* > be a groupoid
satisfying the conditions:

A: There is in G some element e such
that

x*x0 =X for every xe G — {e};

B: IfxeG,yeG— {e] and ze G— e},
then
Xe(ywz)=(xxy)wz;
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C: There is in G some element a such
that, if be G — {a}, then each of the equa-
tions

bsx=a and a»y=>
28 soluble in G .
Then the groupoid <G, = > is a group.
Proor. We have to prove that:

— there is in G some element e such that
xwe=ua for every xeG;

— for every ce(G there is an element
¢' e G such that cxc'=¢e;

—one has xx(yxz)=(xxy)*z for all
gy, ze Q.

It is immediate that it suffices to prove
the following :

1) If ceG — e}, then there is some
c'e G such that cxc'=e.

2) Oue has exe=oeo.

Let us show that the equation c*z=e,
with ¢=~e, has at least one solution in G.
If a=e, the conclusion follows imme-
diately from the solubility of the equation
bxx=a for every b=ta (condition C).
If a=~e and ¢ = a, the conclusion follows
immediately from the solubility of the equa-
tion a=y = b for every b-/~a (condition C.
Now, let as~e=~c+a. Let 2 and y
be elements of G such that ¢cxx =a and
a =y =e, respectively. One has clearly
e and y=e, since x = e implies

a=cxx=cxe=c (by condition A)
and y=~e implies
e=axy=axe=a (by condition A),

against the assumptions that e¢=~a and

azke.

Consequently, by condition B, one has
e=aty=(ca;m)*y=c*(;p*y),

that is to say, the element z=axx*y is a
solution of the equation ¢xz—e, which
proves 1).

It is easy to see that

3) if bske and bxb'=e, then b'sxb=e.

In fact, from b=~e and bbb —e, it
follows, by condition A4, that b'=~e. Hence,
by 1), it results that there is some element
b" in G such that b'x4" =e and, by con-
dition 4, ¥"=e.

If &'»b=£e, then, by condition 4,

(b’aﬁb)aﬁe=(b'*6)*(b'ﬁb”)=b'*b.

Since b=Ee, b'ste and d'"=e, it fol-
lows, by conditions B and 4,

bbb = (B wb)wd)xd' = (b'x(bxd))xb' =
— (b we)ed = b =e.

This contradiction proves 3).
Now, we can state the following :

4) If xe@ — |e|, then exx=x.

In fact, let ' be an element of G such
that e xax' = e.

Then, since x=~e and x'=~e, one has,
by condition B and 3),

exsrx=(xr2)erx=ax(@'*xx)=axe==2,

as wanted.

Finally, let us see that exe =e.

Indeed, let e G — |e{ and let a' be an
element of G such that x=a2' =e. Since
z'==e, one has, by condition B and 4),

exe=¢e¢x(xxa)=(exx)x2x'=xxa'=c¢
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which proves 2) and, consequently the theo-
rem holds.

It is clear that, if the groupoid <G, *>
is a group, then the conditions 4, B and C
hold. Thus, we can say that a group is a
groupoid satisfying the conditions 4,5, C.

3. Absolute independence of the axiom
system S A,B,C

Let us consider the following axioms :

A: If x,y & and x y, then x'y X;
B: If x,y,z, eeG and y=~ezEz, then

Xw(y*z)=(X*y)*2;

C: If a,b G and a b, then at least one
of the equations

bxx=a and axy=Dh
78 not soluble in G-.

One sees that the axiom A (resp. B,C)
holds in <@, >, if and only if the axiom
A (resp. B, C) never holds in <G,*>.

In order to state the absolute independence
of the axiom system S, let us consider the
following eight groupoids <G, x> where
G is the set of all integers and, in each
case, the operation * is defined as it follows:

I) zxy=a+y forall z,yeG;
I) zxy=y forall z,yeG;
II) zxy=a—y forall x,yeC;
1V) x*xy==x forall @,yeG;

exy=wx+ 1 for every xe G and
b yeG—{0},
xx0 =a for every xeG;

VI) z+y=|x|+|y|+1 for all @,ye G;

zxy=0 for every xeG'—|0| and yeG,
VII) 10x0 =1 3
0%y =y for every ye G'— |0};

VIII) *y=x+1 forall z,yeC.

In the first groupoid, the axioms 4, B
and C hold, i. e., this groupoid is a group;
it is easy to see that the axioms A, B and
C hold in the grouproid II), the axioms 4,
B and C hold in the groupoid III), the
axioms 4, B and C in the groupoid IV),
the axioms 4, B and C in the groupoid
V), the axioms 4, B and C in the groupoid
VI), the axioms A, B and C in the grou-
poid VII) and, finally, the axioms A8
and C in the groupoid VIII).

The cases I), II), III) and IV) prove that
the system S is very independent.

The element e, which exists in the cases
I), III), IV) and V), is the integer O.

In summary, for each subset S' of S,
there is some model in which each axiom
belonging to S' never holds and each axiom
belonging to S — &' holds, that is to say, S
is an absolutely independent axiom system for
groups. -
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