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I n t r o d u c t i o n 

I n [ 1 ] , M I C H A E L S L A T E R c h a r a c t e r i z e s a 

g r o u p by means of a s ing le ax iom of the 
form p implies q, p and q be ing equa-
t ions , in terms of two operat ions : a binary 
operat ion • (multipl ication) and a unary ope-
rat ion ' ( invers ion) . H e p r o v e s that the sys -
tem < < ? , . / > is a group, if and only if 

ab • c ad • e impl ies b = d • e & . 

I n [ 2 ] , p . 6 , M A R S H A L L H A L L g i v e s a d e f i -

nition of a group in terms of o n e of the 
inverse operat ions of the mult ipl icat ion by 
us ing four a x i o m s . 

I n [3], it is observed that these ax ioms 
are not independent and o n e def ines a g r o u p 
in terms of the same operat ion by us ing two 
a x i o m s . 

I n [4], o n e obta ins a definit ion of a group 
in terms of the same operat ion by means of 
o n e a x i o m of the form p implies q, w h e r e 
p and q are equat ions . I t is s h o w n that, if 
the groupo id < < ? , • > sat is f ies the condi-
tion 

a{b b • b) • (c c c) = a(dd • d) • (e e • e) 
impl ies b = d- c e , 

then, if one def ines the operat ion o in G 
by the condit ion 

aQb = a(bb • b), 

the groupoid < ( ? , © > is a group . 

T h e purpose of this note is to characte-
rize a g r o u p by m e a n s of one universal 
ax iom, wri t ten in terms of one binary opera-
tion ( o a e of the inverse operat ions of the 
mult ipl icat ion) . 

Th i s problem w a s s o l v e d for the abel ian 
g r o u p s b y M A R L O W S H O L A N D E E i n [ 5 ] . H e 

stated that , if t h e groupo id < G , — > 
satisf ies the condi t ion 

y = x—[(a; — z) — (y— 2)] for al l x ,y in G , 

then the groupo id < ( ? , + > , w h e r e 
x 4 . y = x — \fy — y) — y] , is an abel ian 
group . 

§ 1. W e are g o i n g to s tate the f o l l o w i n g 

T H E O R E M : Let < Q , • > be a groupoid 

satisfying the following condition : 

(C) a — b j[(d d • a) o] [(dd • b) c]( for all 

a , b , c , d in G . 

Then, if one defines the binary operation Q 
in G- by the condition 

a ® b = a (b b • b) for all a , b in G, 

the groupoid < G , 0 >• it a group. 
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PROOF: One has c lear ly 

(1) a = a • a) c] [(drf • a) c]j for all 

ti , c j d in G. 

L e t ns set 

c-[(<M.6)J] [(d d) (dd -a)]b . 

Since , by condi t ion (C), one has 

(dd-a)c = (dd.a)(\[(ddb)b]. 

• [(dd) (dd • o)]i|) = b, 

it f o l l o w s from (1) that 

(2) a = a . b b for all a , b in G . 

Then , by puttÎDg e = e e in (C), o n e 
obtains 

a~b\{(dd. a) (s«)] [(dd - b) (ee)]| 

"and hence , by (2), one has 

a = b[(dd • a) (dd • A)] for all a, b, d in G • 

Consequent ly , 

a a = (5 b) [(d d • a a) (d d . b £)]. 

F r o m here and (2), it f o l l o w s 

aa = (b b) [(dd) (d d)] = (b b)(dd)~bb 

for all a , b, d in G . 

This means that the e l e m e n t bb docs not 
depend on b , 

L e t us set i ™ bb; then o n e has 

(3) a = a i for e v e r y a e G , 

that is to s a y , i is a r ight identi ty for the 
grupoid < G , * > . 

Thus , the condi t ion (C) may b e wr i t t en 

( © ) a = . 6 [ { i o . c ) ( » 6 . c ) ] for a l l 

a, b , c in G . 

B y se t t ing b = c = i in ( © ) , o n e obtains 

a — i [(i a • t) (i i • i)] 

and hence , by (3), 

(4) a - i - i a for every aeG. 

F r o m (C [) and (4), it resul ts 

( 5 ) ia = (ib)(ac ' b c) for al l a,b,c in G 

and, by se t t ing c — b , one o b t a i n s 

(6) ia = ib-ab for all a, b in G. 

F r o m (5) it f o l l o w s , by taking b = i , 

i a — (it) (ac • ic) — i{a c • ic) 

and hence , by (4) , 

(7) a = ac-ic for al l a,c in G . 

L e t us s e e that one has 

(8) i-ab = ba for all a,b in G. 

I n fact , by (7), (4) and (6), o n e has 

b a * b (a b • i b) = (i • i b) (a b . i b) — t • a b . 
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T h e n , f rom (4), (5) and (8), erne conc ludes 

a t •» a = t [ ( t i ) ( a c - i c ) ] = ( o c - i c) (t 6) 

and consequent ly 

o4 = [(ac.ic) (i &)] b = 

H e n c e , by (7) and (3) , o n e g e t s 

(9) ab=*acbc for al l a,b,c in 6 

and this result contains , as particular cases , 
t h e resu l t s (6) , (7) and (8) . 

N o w , w e are g o i n g to state that the grou-
poid < £ ? , © > is a group . 

W e m a y wri te a&b = a(bb • 6) = a - ib 

a) One has c learly 

aQi = a • ii = at = a for e v e r y a e G, 

that is to s a y , the e l e m e n t i is a r ight iden-
tity for the groupo id < < ? , © > . 

b) Fur thermore , o n e has 

a ® ( i a ) = a (t • i a) = a a = i for e v e r y n e G, 

m e a n i n g that , in the groupo id < < ? , © > , 
for each e l e m e n t a , there is a r ight inverse 
e l ement t a . 

c) F ina l l y , f rom (8) and (9), one conc lu-
des that 

a 0 (6 0 c) = a • i (6 • i c) = a ( i c • b) = 

= (a • i 5) [ ( i c • 6) ( i 6)] = (a • V 6) (t c • t) = 

= (a • i b) ( i c) = (a © b) © c , 

p r o v i n g that the operat ion © is assoc ia t ive . 
Consequent ly , the groupoid < ( ? , © > is 

a group , as it was c la imed. 

§ 2 . N o w , let us s u p p o s e that the grou-
poid < < ? , © > is a group and let us define 
the binary operat ion in G , by the con-
dition 

a • b = a © 6 ~ ' for all a ,b in G , 

b"x be ing the inverse of b in the group 
< G , o > . 

Then , one has obv ious ly 

a@b = a{bb - b) for all a,b in G, 

s ince b-b{—bb) is the identity e lement of 
the g r o u p <i G , 0 > . 

One sees that 

6 [ [ ( r i d - a ) c] [(<*<*•&)<;]} = 

= b © [(a"1 © c" 1)© (&"' © e"1)"' f 1 = 

= fcoKa^ec-'jsfcei)]"1 = 

=» ft © ( a - 1 e>b)~l — a , 

for all a ,b ,c ,d in G . 
This means that the g r o u p a x i o m s imply 

the s ing le a x i o m a b o v e for one of the 
inverse operat ions of the operat ion of the 
g r o u p . On the other hand, w e have proved 
that this a x i o m implies the g r o u p a x i o m s . 

Consequent ly , the s ing l e ax iom a b o v e m a y 
b e used in order to def ine a g r o u p . 
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