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1. F o l l o w i n g ETHERIJTGTOJT [1 ] , a groupoid 
G is said to be en tropic, if the f o l l o w i n g 
condit ion h o l d s : 

ab • cd = ac • A d for all a ,b ,c ,d in G . 

ORRIN FRISK. [ 2 ] observed that e v e r y en-
tropic groupo id G has addit ive e n d o m o r -
phisms, that is to s a y , if a and (3 are 
endomorphi sms of G , then the mapping 
« + f): G -* G, defined by 

(« 4- (3) (a;) = a (x) • fi (a;) for e v e r y x e G , 

is an e n d o m o r p h i s m of G. 
I n [ 1 ] , ETHERiJiGTON r e m a r k e d that the 

c o n v e r s e is n o t true and g a v e s o m e e x a m p l e s 
to show that a groupo id can have addit ive 
e n d o m o r p h i s m s without sat i s fy ing the entro-
pie law. 

I n [ 8 ] , TREVOR E V A N S p r o v e d t h a t i f , 

instead of e n d o m o r p h i s m s of G , one consi -
ders l i omomorphi sms of the d irect product 
G ® G into G , then the property that the 
s u m of t w o h o m o m o r p h i s m s of £ ? & £ ? into 
G is again a homomorphi sm, is equ iva lent to 
the entropic l a w . 

A s an immediate consequence , he s ta ted 
that, if a l o o p G has that property , then G 
is an abel ian group . 

Thus , it was stated that, if G is an entro-
pic groupoid satisfying the conditions 

(I) for all a , b in G , the equations 
a x = b and y a = b have unique solutions 
in G, 

(II) there exists in G an element e such 
that a e = e a = a for every a e G , 

then G is an abelian group. 

T h e purpose of this note is t o s h o w that 
the condit ions (I) and ( I I ) m a y b e w e a k e n e d . 

2 . W e are g o i n g to s tate the f o l l o w i n g 

THEOREM 1 : Let G be an entropic grou-
poid satisfying the following conditions: 

(i) For two any elements x , y e G , there 
are elements e , f e G such that 

x e = x = f x and y e = y = f y ; 

(ii) For each element x e G and each ele-
ment e e G such that x e = x , there is an 
element si (dependent on ej such that 

x x ii = e . 

Then G is an abelian group. 

PROOF. Indeed , let x,yeG and let e ,f 
be e lements of G sa t i s fy ing condi t ion (i). 
T h e n , by the entropic law, o n e has 

x y = f x - y e = f y - x e = y x , 

that is to s a y , the groupoid G is commuta-
t ive . 

Moreover , if g denotes a n y e l e m e n t of G 
such that 

x g = x and zg = s , 
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then, by the en trop ic l a w and the commuta-
tivity, o n e has 

x y • z = x y • zg = xy gz = x g • y z — x • yz . 

Consequent ly , e v e r y entropic groupo id 
sa t i s fy ing condit ion (i) is commutat ive and 
assoc ia t ive . 

N o w , we are g o i n g to s e e that , under the 
condit ions o f the t h e o r e m , for each e l e m e n t 
x eG, there is o n l y o n e loca l identity, i . e . , 
there is on ly o n e e l e m e n t ee G such that 

x e — e x «=» x. 

In fact , let e and f be e l e m e n t s of G 
such that 

x e = xf — x 

and let x*e and x'f be e l ement s of G such 
that 

xx't=e and xx}*=f. 

T h e n , s ince G is a s soc ia t ive and commu-
tat ive , o n e has c lear ly 

e = xx'c = xf • x'e = x . fx'c = x • x'tf = 

= xx'f f ef — e • xx!f— ex • x'f 

= xe • x'j*= x x ' f = f . 

I t is immediate that e is an identity ele-
ment of the groupo id G, for , if y is any 
e l e m e n t of G , f rom (i) it f o l l o w s that there 
is s o m e e l e m e n t f such that xf — x and 
y f — y and so , by the argument above , o n e 
c o n c l u d e s that f = e , i . e . , o n e has ye~ey=y 
for e v e r y yeG, mean ing that e is an iden-
tity e l ement of G . 

N o w , condit ion (ii) and commutat iv i ty say 
that e v e r y e l e m e n t of G has an i n v e r s e 
e l e m e n t and s o G is an abel ian group . 

C o n v e r s e l y , if G is an abel ian group , then 
G is c l ear ly an entropic groupo id sa t i s fy ing 
the condi t ions (i) and (ii). T h u s , an abel ian 
g r o u p may b e character ized as an entropic 
groupo id sa t i s fy ing these condi t ions . 

BEMARK 1 : I t is interest ing to o b s e r v e 
that , i f condi t ion (i) is r ep laced by the con-
dition 

(i') for each element of G , there is in G 
one local identity element, 

then G need not b e a group . 
I n d e e d , let Q be the set of all rational 

numbers and let us def ine in Q t h e opera-
t ion © by the condi t ion 

xoy = X ^ ^ for al l x ,y in Q. 

It is immediate that the groupo id < Q , © > 
is entropic and, m o r e o v e r , for each x e Q , 
there is one l o c a l identity which is x and 
there is one loca l i n v e r s e e l e m e n t which is 
x aga in . 

In spite of that, the gronpo id < Q , 0 > is 
not a group . 

3 . I n this sec t ion , w e obtain another 
characterizat ion of the abel ian g r o u p s as 
entropic groupo ids , by us ing the not ion of a 
center assoc ia t ive e l ement . 

L e t us recal l that an e l e m e n t a o f the 
groupoid G is said to b e a center associative 
element (GARRISON [4] ) , if and only if one has 

x • ay — xa • y for all x, y in G . 

THEOREM 2. Let G be an entropic grou-
poid satisfying the following condition : 

( C ) : There is in G some center associative 
element a such that, for every b e G , 
the equations a x = b and y a — b are 
soluble in G . Then the groupoid G 
is a commutative monoid, 

PKOOF. One has to prove that G is 
a s s o c i a t i v e and commutat ive and, m o r e o v e r 
there is in G an identity e l e m e n t . 
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L e t e b e a so lut ion o f the equat ion 
ax = a and l e t b be any e l e m e n t of G. 
Since b ™ ya for s o m e y e G and a is center 
assoc iat ive , one has 

be = ya-e=sy-ae='ya = b, 

and this means that e is a r ight identi ty of 
the groupoid G . 

On the other hand, let e' be a so lut ion of 
the equation ya = a. 

S i n c e e v e r y beG m a y b e wri t ten under 
the form b = xa for s o m e x e G, one has 

e'b = e' • ax e'a . x = ax = b 

and hence e' is a le f t identity of G. 
F r o m e' = e'e = e, one c o n c l u d e s that e 

is an identity e l e m e n t of G , 
N o w , Bince G is entropic , it results 

xy = ex - ye = ey . xe = yx 

and 

xy • z = xy • ez = xe • yz = x • yz 

for al l x , y , z in G, which comple tes the 
proof . 

REMARK 2. T h e hypothes i s that G is en-
tropic w a s not used to s h o w that G has an 
identi ty e l ement . Consequent ly , every groupoid 
satisfying condition (C) has an identity element. 
I n part icular, every quasigroup having a center 
asaodative element is a loop. 

THEOREM 3. Let G be an entropic grou-
poid satisfying the following condition : 

( D ) : There is in G some center associative 
element a such that, for every b e G , 
the equations a x = b , y a = b and 

b z = a are soluble in Q. Then the 
groupoid G is an abelian group. 

PROOF. S ince , by theorem 2, G is a 
commutat ive m o n o i d , it s u f f i c e s to s h o w that, 
for each beG , there is in G s o m e e lement 
b' such that bb'= e, w h e r e e d e n o t e s the 
identi ty e l e m e n t . 

L e t b' be a solution of the equat ion 

ab • x =* a . 

T h e n , o n e has 

a = ab • b' = a • bb'. 

N o w , if a' denotes a so lut ion of the equa-
t ion ya = e, one has 

e = a'a ^a'(a . bb') = a'a • bb'^e . bb' = bb', 

as wanted . 

C o n v e r s e l y , if G is an abelian group, then 
G is obv ious ly an entrop ic groupoid satis-
f y i n g condit ion (D) . T h u s , by us ing theorem 3 , 
one obta ins another character izat ion of the 
abel ian g r o u p s as entropic g r o u p o i d s . 

BIBLIOGRAPHY 

[1J I. M. H. ETBIBINC!TON, Groupoids with additive 
endomorphisms, Amer. Math. Monthly, 6 5 (1958), 
pp. 596-601. 

[2] OKRIN FRISK, Symmetric and self-distributive sys-
tems, Amer. Math. Monthly, 6 2 (1955), pp. 697-
-707. 

[3] TRKYOR EVÀNB, A condition for a group to be 
commutative, Amer, Math. Monthly, 68 (1961), 
pp. 898-899. 

[4] G. N, G ABRI s os, Quasigroups, Ann. of Math,, 41 
(1940), pp. 474-487. 


