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dando-se a natureza desta curva em funcio
da natureza da coénica. Estuda-se ainda as
caracteristicas da origem, ponto duplo da
pedaria, atendendo a sua posigciio relativa-
mente & cénica.

RESUME

On déduit, basée sur 1’équation matricielle
d’une conique écrite en coordonnées carté-
siennes homogénes, 1’équation de sa premiére
podaire positive par rapport a l'origine, et
étudie la nature de cette courbe en fonction
de la nature de la conique. On étudie aussi
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les caractéristiques de 1’origine, point double
de la podaire, prenant en attention sa position
par rapport a la conique.

SUMMARY

Based on the matricial equation of a conie
in homogeneous cartesian coordinates, the
equation of its first positive pedal in relation .
to the origin is deduced, and the nature of
this curve in function of the nature of the
conic studied. The characteristics of the
origin (double point of the pedal) are also
studied taking in account its position in rela-
tion to the conic.

Note on Jacobi endomorphisms
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1. In a recent paper [1], B. M. Pur-
TASWAMAIAH studied the Jacobi endomor-
phisms of an arbitrary group G, i. e., the
endomorphisms o satisfying the condition

1) ((@b)e)((be)y a)f((ca)fd)y =1

for all a,b,c in G,

a® being the image of @ under ¢ and 1
being the neutral element of G .

It is clear that the trivial endomorphism
6 defined by a%=1 for every ae G, is a
JacoBr endomorphism. A group G which
admits a non trivial JacoBr endomorphism
is said to be a Jacob: group.

Some assertions contained in [1] are not
truoe.

Thus, for instance, it is asserted ([1],

\

Lemma 1) that a group G has a (non tri-
vial) Jacos1 endomorphism ¢ if and only if

n|26? 4+ ¢ and a°b% = b"a’
for all a,b in G

where n denotes the exponent of G (i. e., n
is the least positive integer such that a"=1
for every e G ([2], p. 108)).

Or this is not true, as one concludes from
the following

ExamprLe 1. Let G be the additive group

of all rational numbers and let ¢ be the
endomorphism of G defined by

o(z) = u-;la—.z- for every xe (.
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Since
clo(fa+b)+¢e)+a(a(d+¢c)+a)+
L (= Leronee) =

+e(o(c+a)+b)=—

b2
r=]

__;T(—__i;(b+c)+a)—

—5(-ge+a+s)=0,

2

one sees that o is a non trivial Jacosr
endomorphism (more precisely, ¢ is a JacoBr
automorphism) and, although, one has not
n|202 4 ¢, since the.exponent of G does
not exist. 7

The same example shows that the asser-
tion that ¢f o is a Jacos1 endomorphism of
a group G, then G° is of odd exponent ([1],
Theorem 1, (7z)) is false.

It is also asserted that a group has at
most two JaCOBI endomorphisms, one of them
being the trivial endomorphism ([1], Remarks).

This is not true, as one sees in the fol-
lowing

ExampLe 2. Let H be the direct pro-
duct of G by G, where G is the group

considered in Example 1. It is easy to see
that the endomorphisms «,f,y of I, de-

fined by
1
e y)!

«((@, )= (~
Bl = (— - w,O),

Lo |
8

luIH

7@ = (0.~ )

for every (w,y)e H, are non trivial Jacosr
endomorphisms.

In this note, we improve some resalts
contained in [1]. We show that there is at

I '

most one Jacosr automorphism of a group
G and such an automorphism exists, if and
only if & is an abelian gromp with the uni-
que square root property. We formulate a
necessary and sufficient condition for a group
to be a Jacosr group, in terms of a semi-
-direct produet.

2. Onpe says that a group G has the
square root property, if for each ae G the
equation

(2) x2—a

has at least one solution in G. If for each
ae G the equation (2) has a unique solution
in G, then G is said to have the unique
square rootl property.

Lemma 1. If G 4s an abelian group ha-
ving the square root property, then G has
the unique square root property, if (and only
if) the equation

3 z2 =1
has a unique solution in G .

Proor. In fact, if @; and xg=Fa; are
solutions of the equation (2), then 1 and

@, x3' (3= 1) are solutions of the equation (3).

Lewma 2. Let G be a group and let o
be an endomorphism of G. Then o is a
Jacosr endomorphism of G, if and only if
the following conditions hold :

(i) a2™to =1 for every ae@G;
(ii)) a°b”=b"a’ for all a,b in G.

(If « and £ are mappings of G into G,
then a*® means (a*)? and a**? means a*af).

Proor. Indeed, if o is a Jacosi endo-
morphism of G, then from (1) it results
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(4) "B T a% e = 1,

for all a,b,¢c in G.
By setting b=c=1 in (4), one obtains

a"a"a”=1 for every ae G

and, consequently, (7) holds.
By setting ¢ =1 in (4), one obtains

a® b b"a®a” b°=1 for all a,b in G

and, since one has #2¢'—=5%" and a°+"=a"
by (2), it results

a”b*a®b°=1 forall a,d in @,

which is equivalent to condition (7).
Conversely, if ¢ satisfies the conditions (7)
and (it), then one has

aTebT e b7 eT 6% a™vh?
=a” ™ b" (¢ ¢” c™)a"a"b’, by (%)
= a™ b% b™ a® a® b°, by (¢¢) and (¥)
= a” a® (b” ™ %) a™, by (i)
=1, by () and (i),

proving that ¢ is a Jacosr endomorphism.

TreorEM 1. If ¢ ¢s a JacoBr endomor-
phism of the yroup G, then G° is an abe-
lian group having the unigue square root
property.

Proor. Indeed, let x,yeG”, i. e., one
has x =2° and y = t° for suitable elements
z,te G. Then, by repeated use of (¢) and
(¢¢), one obtains

2y=2"1° = 2° (1P = 2° ()" (1)
e (t..])m z{r (t-l)a'l — (t—])u’ (l—l}“’ 2%
—=(FIpr =t =y,

for all =,y e G°, which proves that G° is
an abelian group.

Now, let a be any element of G“°, i.e.,
a=c° for a suitable element ce G'. Since,
by condition (¢) of Lemma 2, one has

a=c=¢2"= ("2 and ¢ = (c¢c%)°,

one sees that the equation 2?=a has at
least one solution in G°, namely, x=c-".
Let us show that the equation y2=—1 has
only one solution in G°.
In fact, it is easy to see that the restrie-

* tion of ¢ to G’ is an antomorphism.

Oage has clearly G C G°, since ™ =(z%)°
for every e G. On the other hand, if
x=2"e G, then, since 2° = (%)™ by con-
dition (¢) of Lemma 2, one concludes that
reG", i. e.,, G°C G", and thus the res-
triction of ¢ to G° is a surjective endo-
morphism.

Moreover, if x =2"e¢ G®° is such that
a°=1, then one has obviously

=zd" m— z—ﬂ’—-'}‘ 3
hence

:Dl==8q=z_qq=(zﬂ‘—l==1‘

meaning that the restriction of ¢ to G° is
also an injective endomorphism and, conse-
quently, it is an automorphism.

From this it follows that the equation
y*=1 has only the solution y =1 in G°,
because

=1 implies 1=(y2)—¢’ =y =yl

and hence one concludes, by Lemma 1, that
G° has the mnique square root property, as
it was to be proved.

TuroreM 2. If G i3 an abelian group

with the unique square root property, then
there exists exactly one JACOBI automorphism

of G.
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Proor. Indeed, let p:G — G be the
mapping defined by the following condition :

For eackh aeG, a° is the (unique) solution
of the equation x2=a in G.

Since G is an abelian group, from the
equations

#?—a and y*=5h, with a,b in G,
it follows (xy)? = a?y?=ab, that is 10 say,
(abf =2y =a?d?, for all a,b in G,

and thus p is an endomorphism of G.
Furthermore, for every element ae @G,
one has (a?) = (a®)? = a and, since

a? = b implies a = (af)® = (BF)2 =10,

one concludes that p is an automorphism
of G.
Now, by setting

z® = (x-1)f for every ze (G,

one sees that ¢ is an automorphism of G'.

Since G is an abelian group, the condi-
tion (i) of Lemma 2 is trivially satisfied.
Moreover, one has

2748 = (@R a" = (@ )P
- (@)ar? = (@ f =
- bt =1,

which completes the proof that o is a Jacos1
automorphism of G.

Let us suppose that + is also a Jacosi
antomorphism of G.

Then, for each x e G, the element
y = (z-1)" is a square root of .

In fact, from 7y =1, it follows

1= 227 2% = a7 () = (a1 42)°

and since T is an auntomorphism, one has
xlyP=1, i.e., y==x.

In view of the fact that ' has the unique
square root property, one has (z-1)° =
= (2-1)* for every xze G and hence ¢ =r,
as wanted.

From Theorem 1 and 2, it results imme-
diately the following

Tueorem 3. If G i3 a group, then there
is at most one JACOBI automorphism of G
and such an automorphism exists, if and only
if G s an abelian group satisfying the unique
square root condition.

In particular, one can state the following

CoroLLARY. If G is an abelian group of
odd exponent, then there exists exactly one
Jacos1 automorphism of G .

In fact, if 22 + 1 is the exponent of @,
from z?*+1 =1 for every xe G, it results

(z)2 = x for every ze G,

i.e., G' has the square root property.
Since y2=1 implies

Y=y lmppitgittlal,

one concludes by Lemma 1 that & has the
unique square root property and, by Theo-
rem 3, that there is only one Jacosr auto-
morfism ¢ of G, defined by a°=2a" for
every xe G .

The Corollary to Theorem 3 improves
Lemma 2 in [1].

Remarg. In [1], Theorem 3, it is proved
that G s a JacoBr group under an inner
automorphism o of G, then G is a direct
product of cyclic groups each of order 3.

This is true and it may be added that o is
the identity automorphism, as one concludes
immediately by means of the Corollary above.
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3. Let N be a normal subgroup of the
group G and let H be a subgroup of G.
One says that G is the semi-direct product
of N by H, if for each xe G there is
exactly one element @ in H such that
sN=aN.

THEOREM 4. A4 group G 48 a JACOBI
group, if and only if G s the semi-direct
product of a proper mormal subgroup by an
abelian subgroup with the unique square root

property.

Proor. TLet us suppose that G is a
Jacosr group and let o be a non trivial
Jacosr endomorphism of G. It is known
that C° is isomorphic to the quotient group
G|N, where N denotes the kernel of o.

Since

(. 22°)° —=a2%4° =1 for every xe @,

one has @ -x2°¢ N and, therefore, # N =
= x2°N with 2%¢ G°.

Moreover, if the element 3°e G° satisfies
the condition 2 N = 3° N, then one has
xy°eN,i.e., (xy°)°=1, hence 2°y-"=1.

From this it follows

1 = xgdy-gﬂ* — mQﬂ'yﬂ' ;

i. ., y° =a2%,

This means that G is the semi-direct pro-
duct of N by G°, because N is a proper
normal subgroup of G and G° is a sub-
group of G'. By Theorem 1, we know that
G° is an abelian group with the unique
square root property. '

Conversely, let us suppose that G is the
semi-direct product of a proper normal sub-
group N by an abelian subgroup H having
the unique square root property. Then the
groups H and G/N are isomorphic.

Let v be the natural homomorphism of G
onto G/N and let p be the isomorphism of
G/N onto I1 defined by the condition

(@aN)*=a'.
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where a' is the (unique) element of H such
that aN=a'N.

Finally, let = be the (unique) Jacosr auto-
morphism of H (Theorem 2). By setting

G ==y,

one gets clearly an endomorphism of G' and
one has G°=H.
It is immediate that the kernel of ¢ s N.
In fact, if xe N, then =" =1, hence
(z*)* =1 and consequently,

o b = B E

Copversely, if y° =1, then one has
x'*=1 and, since 7 is an automorphism of I,
it follows a' =1, that is to say, @ N= N
and therefore, xe N.

In view of the fact that ' is the
(unique) square root of '~! in H, one has
x2° =g/-1, thatis to say, * N=22°N and
so a2°.xe N,

From this it follows

P xR = (22°.2)° =1 for every xe (.
y

Moreover, one has clearly
Sy =y et far all ey int G

since the group G°(= II) is an abelian group.

Thus, the conditions (¢) and (¢%) of Lemma 2
are satisfied by the endomorphism o .

This means that ¢ is a Jacosr endomor-
phism and, since this endomorpism is non
trivial because N==G, one concludes that
G is a JacoB1 group, as wanted.

This theorem improves Theorem 3 in [1]j.
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