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Expansion theorems for generalized
hypergeometric functions |

by 8. D. Bajpai
Dpartment of Mathematics
Shri G. 8. Technologleal Institute, Indore (India)

1. Introduction. In previous papers [(1)] and [(2)] expansions for Fox’s H-function
involving JacoBr polynomials and LAGUERRE polynomials respectively were established. In
this paper, we generalized the low order expansions for the H-functions [(1), (2)] by LaprLack
transform techniques and employ them to obtain expansions for MEwER's G-function and
MacRoBerT's E-function. The expansions given here are of general character and numerous
special cases of the general theorems developed in this paper are scattered throughout the
literature. Some well known results recently given by MEIER, Baspar, Wimp and LUKE are
shown as particular cases.

The subject of expansion formulae for generalized hypergeometric functions occupies
a prominent place in the literature of special functions. Certain expansions and series of
hypergeometric functions, play an important role in the development of the theory of
special functions.

The expansion theorems for hypergeometric functions were given from time to time
by various mathematicians, with certain restrictions in the parameters. An adequate list of
references would be quite lengthy. However, the references given here together with the
sources indicated in these references provide a good converge of this subject.

We now, mention in brief some interesting work on this subject. In a series of
papers, MEwER [(31) to (33)] gave expansions of a G-function in a series of related
G-functions multiplied by hypergeometric polynomials ,F,(—n, a,;b,; 2). Luke, Wiue,
FieLps and other members of staff of Midwest Research Institute contributed valuable papers
[(20), (21), (29), (30), (41), (42)] to the subject. Recently LawryNowicz [(26 to (28)] has
given some interesting expansions, which include those of MEIER. Most recently the author
in a series of papers [(1) to (1D)] has obtained a number of expansion formulae for
MacRoBErT’s E-function, MEIER’s G-function and Fox’s H-function, which on generalization
will give more results very soon.

The H-function introduced by Fox [(24), p. 408], will be represented and defined
as follows :
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GAZETA DE MATEMATICA 23

In what follows for sake of brevity (a,,e,) is to be interpreted as (a;,¢,),---,(ay,€p),

F
(ap)» denotes II (a;). and the symbol A(k,a) represents the set of parameters
J=1 ’

a-+1 a+t+h—1
A5y : h

i )

a
h
where % is a positive integer. Also for ease in writing, we denote

Se—3f=4, Bo— B o+ 35— 2 p=5

=1 J=1 J=1 J=n}1 J=1 J=m-1
and Re (3 + bm/fn) represents Re(d-d;/f;) where j=1,2,...,m
The following formulae are required in the proof:
If & is a positive number, 420, B>0, |argz| < %Bw, Rea > —1, Ref > —1,
050, Bo(p+ o+ hbda/fa)>—1, then ¥

5 AL (ap 5 ¢p) 2 (—1)¥(a+B+2N+1)(a+B+N+1)
o2 w*H wh -~ 4\
i ®) X [a (bq,fq)] D I+ )N
Hr (—p,h),(—p—a,h),(a,e) —N,N4a+8+1;0
il ""‘*'[ '(bq,fq) (N—p,B),(—1—a—B—p—N, k)] «+ 1 8

which follows from [(1), (3. 1)] and [(85), p. 254, (1)].
If 2 is a positive number, A £0, B>0, largz|<—i—|67:, Rea>—1, px0,

Re(u + a+ b bw/fn) > —1, then

| e (@, ) (=1
1.3 w*H z wh
Y [ (g > fa) z; NIT(x+1)
g [ (e B B @) |y o [— N0
4 *[ By s fo) s (N — 2, ) Jx’ ‘|a+1 J

which follows from [(2), (3. 1)] and [(35), p. 200, (1)].
1f % is a positive number, 4 £ 0, B>0, |argz| < % Bx, Re(hbwm/fn—e)>—1, then

(1. 4) ,“’

w0

— e H;";'[zx" ®:%) 1 (a, ep)}

(54,14)

Egp * ;_P; dax = 31 H_',f';ff';] [z)\—"
gsJa

which can be established by expressing the H-function in the integrand as a MELLIN-BARNES
type integral (1.1), inter-changing the order of integrations and using [(18), p. 137, (1)].
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The Larrace transform [(18), p. 219, (17)] given by
(1. D) J"m ¥t 151 F, ap; At dt =T (6)¢° pprF, ap ,a;Mp ’
0 _b, b,

where p £ g, Rec >0.

2. Tneorem L.
(i) Let none of the following quantities be negative integers:

T B L Lo N T S P

—h +1
h h

bin /T + £

where h is a positive number.
(i) Let A+b@r—8<£0, B+h(r—s)>0, |argz|<— (B+h(r—s)},

Re(p + @ 4 hbu/fu)>0, Re(v—a)>0, Rex>0, Re(hbp/fm—c:)>—1,
Re(hb/fm—d)>—1, Re(l—e,—p)>0, Re(l—d,—p)>0.

(iii) ZLet p,q,r,8,t,u,m and n be positive integers or zero;

p+rLq+8—1 or p+r=q+s8 and |ze"|<1,
p+tLq+(u4+1)—1or ptt=q+(u+1) and [z|>1,
bsmLy; 0LnLps g-+Fassls

(iv) Let r+u+1l=s+t.
(v) Let 0<w<1,z£0,.

) 1
(Vi) LGt zd5_20r+ 2ﬁu—zm1‘_zhbm/fm<(s—r)(l—y)+2p_ _'_;,
1+b111/f1n—'ﬁ‘1l§:-—£>0, 1+bm/fm_“"‘—"_—“h_i_au>0.

Then
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e LA [zi("’%h),(l—“t—*#’h)’(‘p »€p) ]
p+t+1, qfu-2 A (bq ,f‘q),(N—p,h),(—P—”—N:h)y(l — ﬁ“ — p,h)
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> oF
r+u+-2L s4-t [a; ’ A G ds al
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Proor. We first prove (2. 1) for the case u=—0, t=1 and «;=a, that is

(c,-,h) ’ (a.P ] ep)- o = F-_)___ = (—I]N(”'i'? N T (v4N)
(s Ta)s ([ he) I'(l—d,—p)T'(«) v N

D ¢ m, n+r
2.2) wl‘Hp4r,q+‘[zm"

> g on2 I:z (— e, %),(1— “_P:h)!(nﬂ?e}’) :l
PERatt| T3y, f) (N — b)), (— p—v— N,k
e r+2PJ—H[_ ‘V,v + ‘V,I o kL) m:l.
a,1—d;—p

Our proof for (2. 2) is based on induction on the parameters r and s (Note that the
case r=—g =10 is the result (1.2) if we replace « by «+ 1 and put v=a+p+1).

Multiplying both sides of (2.2) by »**e>“, integrating with respect to w from 0 to

oo, we get

0 PR (b9 fq) > (ds s )

_ T(—e-p) H(—D¥@+2NTE+N)
T—d.— ) I(e) = N!

=< |™s 2 |:z (—p,2),(—a— p,k),(ap,ep)
PRI By f0) (N —p, B) , (—p—v— N, k)

5 o SRR, =N U-I—.Lv 1—:-(‘,-4——-[.1.' w
> it A LIPS A8 % ’ ? do.
Jo o _H[a,l——-cf,—p ]

Now with the help of (1. 4) and (1. 5), we obtain
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_T—e—p)T(l—a—p) $ (VY6 +2 NI+ )
I'l—d,—u)T(a) N!

N=0

(—F‘sh)u(l—a_f‘,k)l(apie}’)

><Hm,u+z I:z
il (bgsfq) s (N—p )y (—pp—v—N,h)

1
><r+8F:+1 [—«:'V,V‘i' &t oS o SR S T]'

Leg,1—d, —p



26 GAZETA DE MATEMATICA

Now replacing 1/ by @ and ¢ by e¢.4: and the induction on r is completed. To
perform the induction on s, multiply both sides of (2. 2) by «!™* 7, replacing w by
1/%, take the inverse LaprLacE transforms of both sides with the help of (1.4) and
[(18), p. 297, (1)] and then indentify ¢ with d, ;.

Now we establish a relation from (2.2) which will be finally used to obtain (2. 1).

Patting m=1, n=p, 5;=0, ¢=f=1 (j=1,2,...,p; i=1,2,...,9),fi=1
replacing a, by 1—a,,q by ¢+1 and b4, by 1 —&;(j=1,2,...,q9),¢, by 1-—¢,,d,
by 1—d; and using the formula

H I'(1+61—a_”z!

@.3) HY [z ot B
1(8g,1)
nr(1+51_b,)
=1
3 1+b,—a,,---,1+b,—a_,;—z}
> ply- y P£q,
pql[1+bl—?’g,---’1+br~éq L et

and simplifying, we get

Bp €3 zm_J A (er)-p () i (— 1)@ +2N)

2.4 o T e
) K 4 [ (ds)—p .V—-[I .v!(N+U)P+1

_bq ) s

.p_.*.s!}"q_}.s[aﬁ’l'i-y’a_}_y JX: FEFI-{-I[—N’AV.*_V’CJ—_-'“ ;w].
by, 1+p—N,14+p+v+ N dy, — u J

In (2. 4), putting z = O replacing » by r+u, let ¢,y =8, +p,2=1,2,--.,u and
replace ¢, by ¢y +y3,A=1,2,... ,r. Replacing s by s +¢, let d,, =&, +p,2=1,2,... ¢
and replace d, by d, +y3,2=1,2,...,s and @ by aw, we have

(er + y9)-p (Pu+ P)-»(“?p 2 CN+N(—py

(@) =
(ds + y3)-p (@ + ) Ne=0 (N 49w

[—N N+v,e + -e,f&——-;/-,ﬁ,,;am]
crtuteFip -
di+yd—p, o

In the above expression let a — o, we get

b ety w@Butp)p 5 CN+ (=N
(d: + yd)-p(x + p)-p ; N—o NIN + V)p i

_N)N'*‘”s"r‘{"ya—#,ﬁ'u;m‘l

‘r P:
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Now we replace u by p +y3d,e. by 1 —e¢,,d, by 1 —d, and o by wd*—rti-v-1,
we obtain

(A—cr+y0)p-ysCutp+¥0-vys spiyp0-stu-r4n

(2- 5) w*t+YS =
(1 —d,+ y3)-p-yy(@ +p +¥3)-p_ys
s i (21}?‘}‘ V)(—p —yo)n AN — N, v+ N,1—¢, —p,Bu ;wa‘_"‘i'f"“l].
.\’?n ‘\!l”+NJF+ys+l 2;,1—d,—p

Now to show (2. 1), expressing the H-function of both the sides of (2. 1) as a MELLIN-
-BARNES type integral (1.1), using (2.5) with ¢ =1 in the left hand side, the equality in
(2. 1) is established after some simplification.

We now discuss in brief with the help of [(16)], [(22)] and [(23)] the convergence of
(2. 1) under the stated conditions.

The necessary conditions to ensure the convergence and meaning of the IH-functions
and the hypergeometric functions are covered in (7) to (iv). The conditions (Z) and (i7) also
insure that the gamma-functions in (2.1) which appear outside are finite. The sufficient
conditions to ensure the convergence of the expansion are covered by (v) and (vf). These
conditions arise from the convergence of the infinite series and are based on the asymptotic
behaviour for large N of the H fanction and the hypergeometric function on the right hand
side of (2. 1). If the condition (7v) is not satisfied the expansion diverge on account of the
analysis given in [(23)]. Even when the expansion diverges a meaning in asymptotic sense
can be assigned to the series.

3. . THEOREM 11

(i) Let none of the following quantities be negative integers :

h+1

b/ + £ b + el dond PO SN N PN

h
where h s a positive number.

(if) Let
Ath(r—e)£0,B+b(r—9>0,argz|< < |B+h(r—s)f,Re(+athba/fn)>0,

Red; > 0, Re(hby/fn—c) > —1, Re(hby/fn—dy) > —1,

Re(l—c,—p)>0,Re(1 —d, —p)>0.
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(iii) Let p,q,r,s,t,u, m and n be positive integers or zero;

p+r£Lq+4+s—1or p+r=q-+s and |ze*| <1,
pttqg+u—1,
0Lm<Lq; 0LnLp; q+8x1.

(iv) Let r+ua+4+1=8-Ft.
(v) Let 0<w<o,z50.
(vi) Let Eds—-Zc,—!—Zﬁu+Za[—~2hbmjfm<(s—r)(1-—-y.)+2p_-%r,

1 bty — ZEREL 50,1 4 byt — 2=t 5 0.

Then

;‘icr)h)’(ap’ep) e r(l_cr"p‘)[‘(l’gu} ;;! (_I)N
be,f)),(ds, )] T(1—di—pT () y<, N!

Gl) - SEHEAEE [z wh

m,n4t41 :
'Hp+t+1,q+u+1|:2

(—esh), (1 — e —p,h)(2p,6p) ]
(bg,fg), (I —fu—p,h),(N—p,h)

—N,1—cr—p,f ]
S (O

F,
Xriut1 +t_at,1—ds—-—p

Proor: The proof of this theorem is similar to that of theorem I and is based on
(1. 3) instead of (1. 2).

A formal proof follows by using the confluence principle in theorem I. That is, re-
placing z by 21z,0 by o/l and making % — co.

4. Expansions for the G-funclion
THEOREM III
(i) Let none of the following quantities be negative integers :

-1 + g —1—i
bm+|uh ;bm+-p th

3V;Bu—1;bn —a,,

where i=0,1,2,...,h—1.
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1 1
B p—?q+§h(r~s))r,

(i) Let (s—r)b+p+q<2(m +n),|argz| < (m A0

A

Re(p+ a+hby) >0, Re(v—a) >0, Rex, >0, Re(hby —c;)> —1, Re(hby—dg)>—1,
Re(l —c,—p)>0, Re(l —d—p)>0.

(ili) Let h be a positive integer and p, q, v, s, t, u, m and n be positive
integers or zero;

pt+hrLq+hs—1o0or ptrh=q+sh and |[zo" <1,
p+thLq+(a+1)b—1 or p+th=q+(u+1)h and |z|>1,
0£cm£Lq;0LnLp;q+s 1.

(iv) Letr+u+l=s8+4t.
(V). '‘Let 0 <0< 1,250
(vi) Let

]

L\'.\!r-n

P —Redt BB — Ea— Ihbe < (s —1)(1ip)it B+

. . __‘&__ .
14by— °':‘>0,1+bm— Aonl B 0 0, T e T L s

h
Then
LR .. SRRy Y T RRBE e
(4- 1) m:_;G:l-i-ﬂr—ll;rl;-*snIVth A(hycr):ﬂp]= r(l Cr F}r(ﬁu) (2 1'{)2 ¢
’ 0 by AL T(1l—d,—pr (&)

I, —2d,+2a -2, +(p—F)r-9)+ g —t-1)—y = (— 1N+ 2N)T (v + N)
-h e z = £

N=0

. G@o+E+Dh . Ahbh,—p),Ah,1 —ay —p),8,
pebCADN Rtk BTy A N gy A gy —N) A (h, 1 —B—p)

— N N,1—e,— faht I t—=u—1
Xr+u+2Fs+l W+ N, r F’Wﬁu:"’l :I.

a1 —ds—p

Proor: In (2.1), assuming % as a positive integer, putting ¢; = f; = 1(j = 1., "1
co,p;t=1,2,...,q), using the formula
" a,], :
b,

il ]|
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and simplifying with the help of (1.1), [(17), p. 4, (11)] and [(17), p. 207, (1)], the resalt
(4. 1) is obtained.

THEOREM IV,
(i) Let none of the following quantities be negative integers :

& +a—1+i
bn + E.—h— 3 bm LS """?E‘h"‘—'il—;ﬁu"—l sbm —a,,

where i=0,1,2,... , h—1.

(i) Let
) | Il 1 1 1
(1) —h+p+a<2(@tn),argz|< (mAn—op—gq+5hr—n)n,
Re(p + o2+ hbp) >0, Rea, >0, Re(hby, —e;)>—1, Re(hby—d) > —1,
Re(l—c¢,—p)>0, Re(l—dy—p)>0.

(i) Let h be positive integer and p ,q,r,s,t,u, m and n be positive integers or zero;

p+rh<Lq+sh—1 or pi+rh=q+sh and [zo"| <1,
P+thé‘-I+'1h—1s

0£m<Lq;0LnLp;q+sn 1.

(iv) Let r+u+1=5+1t.

() et ) e ) iz S0

(vi) Let

e 41
h

B 26 o 200~ 3 a2 h b < (=T (L =) o P N TR =0y

10|

2 :
14by — =B EL 50, i=0,1,2,. 0—1.

1hen

% (h=1)(r-+u-s—1)

A(b 3 cl‘) ] 8P 5. 8 I‘(l—c.—-[&)r(ﬁ“‘ /2 ﬁ}
b A A L B ) B

p+rh,q+sh

) ot G [’z wh

2e,-3d,43a,-38, 4 (- 5) -5+ 1) + § (-t +1) & (—1)N bN

>
N N!

- h
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. @™ nHtEDh zh b |ACh, —p),A(b, 1 —a—p),8, °
p+(t+1)h, g4(u1)h hq A (h o [ Bu il .'*) ; A(h : o f"")
A¥ r+n+lFs+‘ — Nol—or— , !?’u; w h’“‘"’"‘“““] i
a1 gy

Proor: The proof is very similar to that of theorem III and follows from theorem II
by redacing the I-functions to the G-functions. A formal proof follows by applying the
confluence principle in theorem III. That is, replacing z by 1z, » by o/A and } -+ co.

In view of an identity, which is apparent from the definition of the G-function, viz,

Ah,—p), Ak, 1 —a—p),ap

by, AR, 1—Bu—p),A(h, N—p)

m o n({41)0 3
Goiwrn, g+ @iy [Z

_( l)i\er-M.H—”f zid‘(bsl“‘“t‘“‘.“‘)iap!A(kl_P‘)
VA e ! A(b ’ N— f"') ’ A(h ’ 1— \Bu o5 f“’) :

the theorem IV redaces to a result recently given by the author [(13), (3. 7)].

5. Expensions for the E-function
THEOREM V

(i) Let none of the following quantities be negative integers :

p—i pta—1—i
T R

3 v; Pu—1; ap—1,
h h

where i=0,1,2,... ,h—1.
(i) Let
a+he<pthril, |argz|<(p—a+hr—hst 1)L, Reete)>0,
Re(v—=x)>0, Rea,>0, Rec,>0, Red,>0, Re(e,—p)>0, Re(d,—u)>0.

(iii) ZLet h be a positive integer and p, q, r, s, t and u be positive integers or zero;

p+rh<q-+4sh or pt+rh=q+4sh41 and |za"|>1,
p+th<q+(n+1)h or pH+th=q+(u4+1)h+1 and |z|>1,
0Lq; O0<Lp; q+5820,
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(ivy Let r4+uf1=5+1t.
(v) Let l<w<<oo,
(vi) Let

jd 1l—e+i

h %Y

Ze—2d+ Sh—Sa<(r—8)p+2p+ o,

fiz l—i’au;‘f"‘—f—l >0,i=‘=0;1;2;"'!h_1°
Then
®. 1) B ap,A(h,(‘r)izthﬂ I'(e,— )T (B) x(oﬁ)';'(l'.-l)(r-i-u——a-l-kl}
bg,A(h, dJ) I'(ds —p) T (a)

AUEAGRG AR Hk g R R G $ (CLN+2NIEY)

+h
N1

Ne=0
_'E[ap,A(h,p+1),A(h,a:+p)=z_ ]
by,A(h,1+p—N),A(h,1+p+v+N),A,fu+ )

—N Nivoo2s @1 hs—rtu—1-
> o4 u+EP‘s+t 3 ¥ + C, o) ﬁl-l y W ] ;

atads““'f‘l

Proor: In (4. 1), putting m=1, n=p, b, =0, replacing g by ¢+ 1 and
biyr by b;(j=1,2,...,q), using [(17), p. 279, (9)] and [(19), p. 444, (2)] replacing z by
z', by w', 1—a, by a,, 1—5, by b;,, 1—e¢, by ¢, and 1—d; by d, the result
(5. 1) is obtained.

THEOREM VI

(i) Let none of the following quantities be negative integers :

s SR - i i R L L TR

h h

where i=0,1,2,...,h—1.
(i) Let

q+hse<p+hr+1, |argz|<(p—q+hr—hs+1)7/2, Re(u+a)>0,
Rea,>0, Rec,>0, Red*>0, Re(e,—p)>0, Re(d,—p)>0.
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(iii) Let h be.a positive integer and p,q,r,s,t and u be positive integers or zero.
p+rhLq+4sh ar.p+rh=q+uh+1,

p+thLq-+uh,

0£Lq; 0Lp; q+820.

(iv) Letr+u+t+1=s8+41t.

(v) Let 0<w<co.

(vi) Let .zc,——2d5+zpn'_z¢t<(r—s)p+2p___:}’1_ 1_;,.,4 o
| L 1_-‘3“1_1__#_}_1 >0,i=0'1’2,...,h_1.

ap,A(h,cr)' :zc.;‘!:l= Tlee—WT (B | (2= 5 (=) (rhu-s—0)

®.2) u""E[
by, A(h, ds) T (-t )T )

Zd.-—2¢.+2=.—zﬂu+(s&+ %) -9 +p+56-t) = (— 1NN
NI

N=0

.E[ap,A(h,l—l—p),A(h,at—}—p) :zhh]
bg,A(h,1+p—N),A(h, B+ p)

SN e L2 A =1} s=r4t-ufl
><r+u-§—lFs+t 3 k,ﬁ e A ]—
o, ds—p

Proor: In (4. 2), reducing the G-fanction to the E-faunction as in theorem V, we
get the formula (b. 2). .

6. Particular cases:

Since the Il-function can be reduced to the G-fanction, which itself is a generali-
zation of many higher transcendental functions [(17), pp. 215-222], therefore the theorems
given here are of general character and hence may encompass several cases of interest.
Ilowever, a few well known particular cases are mentioned below :

(®) In (2.1), putting ¢=f=1(=1,2,... yP3i=1,2,.cc,9)h = 1,5,=0,
m=1,n =p, replacing a, by 1—a,,q by ¢+1 and b;;4 by 1 —b;(j =1,2,...,9)
¢, by 1—e¢,,d, by 1—d,, using the formula (2. 3) and simplifying we get a known result
given by Wur snd Luke [(42), p. 353, (1. G)].
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(©t) In (3.1), reducing the II-function to the hypergeometric function as above, we

obtain another result given by Wixp and Luxke [(42), p. 358, (1. 18)].

(#) In(4.1), taking 2=1, =0, it reduces to a known result [(42), p. 359, (2. 2)].
(fv) In (4.2), setting =1, p =0, we get a known result [(42), p. 360, (2. 3)].

(v) In (4. 2), substitating A=1, p=0, t=u=0, s=r, we obtain a known

result [(32), p. 43, (D1)], which is one of the most general expansions given by MELER.

(8]
9]
(10]
[11]
[12]
(18]

(14]
(15]

I am thankful to Principal Dr. S. M. Das Gupra for the facilities he provided to me.
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