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On Products of Generalized Hypergeometric Functions(’)

by S. D. Bajpai
Department of Mathematics
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1. Introduction. In this paper we have established a formula for product of MELJER'S
G-functions. From this formula we have deduced formulae for product of MACROBERT's
E-functions and generalized hypergeometric functions. In section 3, we have obtained some
hypergeometric transformations and formulae on the sum of ,F5(1). The results established
are of general character and a number of known results follow as their particular cases.

2. Product of G-functions. (1)
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(*) Por razdes de natureza técnica derivadas das expressder utilizadas nestes dois artigos, resolveu a
Redacedo modificar a disposigiio grafica dos mesmos. -
(1) For the sake of brevity the symbol ;a, is used to denote a;,:--,0,;1+3, — 4y, is used to

< :
denote 1+3, — yy,---,148, — vy, and 48, — B, — m is used to denote By — B, —m, - > ... B — B, —m,
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Proor. To prove this, substituting in the left hand side from [4, p. 208, (8)](%),
and expressing the hypergeometric functions as a product of two series, we get
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Now with the help of [8, p. 56, (1)] and [8, p. 32, (8)], the expression (2. 3) becomes
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which yields the result (2. 1).

Similarly the result (2. 2) can be obtained from (2. 3), by first summing over m and
then over =, with the help of [8, p. 56, (1)].

(*) Replacing the G-fanctions, with the help of [4, p. 208, (6)], we obtain the same results (2. 1) and
(2. 2) by virtue of [4, p. 209, (9)], when the parameters are adjusted suitably.
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3. Special Cases.

(i) Product of E-functions.

In (2.1) and (2. 2), putting f=k =1, t=g=p, v=Il=r, u=gq+1, w=35+1,
using [4, p. 209, (9)] and [D, p. 439, (5)], and setting 1 + By — 2, =18y, 1+ B —oBg41
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where

p<Lg+1l, r<s+1, Dxe|>1, [py|>1.
(ii) Product of generalized hypergeometric functions.

In (2.1) and (2. 2), on taking f=k=1, t=g=p, v=Il=r, u=q+1,
w=238+1, using [, p. 439, (3)], and setting 1+ fB;—a, =145, 1+ f; —afgs1=1dy,
148 —pr=16, 1L+ —gliy1=1ds, A=—4, p=—B, we get
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where
rLe+1, r<Le+1, |Ad2| <1, |By|<1.

With y==a (3. 3) is a known result [6, p. 395, (3. 5)] obtained by FieLps and Winp,
using the techniques of Laplace transform.

4. Some hypergeometric transformations and formulae on the sum of well-
-poised and nearly-poised ,75(1).

(?) In (3.3) and (3. 4), putting y =2 and comparing the coefficients of ", we
obtain the interesting transformation
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Putting A=—Z, B=1, s=r=0 in (4. 1), it reduces to a known result
[6, p. 395, (3. 8)].

(#) In (4. 1), putting A=B=1, aj=y—a—f, ¢;=2c, cg=28, d, =27,
and using (1, 10. 1, (1)] for the left side hypergeometric function, we get
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With y=a4 3, it reduces to a known result obtained by Cmavnpy [3, (10)].

A

(3%) In (4.1), on taking A=B=1, a,=-})———a—§3+7, g =2a, co=28,

d; =2y, and using [1, 10. 1, (2)], we have
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Substituting 7 =« 4 2 — % in (4. 3), we obtain
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In (4. 1), putting A =B =1, aj=a, ag=0, b= +L —1/2, ¢c,=a, cy=f,
dl=-a:+ﬁ+71)—, and using (4. 4), we get a known result [2, p. 187, (3. 3)].

(fv) In (4.1), putting d=B=1, aj=12—a—L+y, ¢;=2a—1, ¢, =20,
dy =2y—1, and using [1, 10. 1, (3)], we obtain
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On taking y=a - — —;— in (4.5), we get
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In (4.1), substituting a) =«, a=(, b,-——-a+ﬁ——%, Gi=a, cpg=f—1,

dy =a + {3-—-%, and using (4. 6), we obtain a known result [2, p. 187, (3. 4)].

(v) In (4.1), on taking alm%»—-a—ﬁ—y, ey =20, c=2p,c5=7,d, =27,

dg=a 4 + % , and using [1, 10. 2, (1)], we have
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Putting y =« + 8 —— in (4. 7), wo got [2, p. 187, (3. 3)].

-

5. Particular Cases.

Here we have obtained from (3. 3) and (3. 4) many known results, by summing the
series with the help of (4. 4), (4. 6) and Gauss’s theorem, etec.

(@) Consider (3. 3) with A=B=1 and y = a, then with

() ay=c—a—b, ¢,=a, cg=0>0, d; =c, and SaaL-ScauTz’s theorem [8, p. 87,
(29)], we get a result obtained by EuLEer [8, p. 60, (5)].

@ m=ci=a, q=c;=f, b=d = +a+f, and (3, (10)], it yields an
identity due to CrLausex [4, p. 185, (1)].

(#0) b =p, d; =c, and GAUsS’s theorem, we get [4, p. 185, (2)].
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(5) Consider (3. 4) with A =B =1, y=x, then with

() ar=ci=a, ay—e;—PB, b=atf——, dy=a+f +—, and (4 4), we have

-

|-

an identity due to Orr [4, p. 186, (8)].

() ay=a, ¢j=a—1, ay="e,=2§, bl=d1=a+ﬁ-—%—, and (4. 6), it yields

[4, p. 186, (9)).
1l

3
e - s =
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0o | =

(@) ay=a«, ag=0, by=c+p+1/2, ¢, =
and [3, (11)], we get [1, p. 100].

(¢) Consider (3.3) with A= —B =1 and y = «, then with

((!) ¢, =a, dy=05b, and Gauss's theorem, we get KumMEr's firet formula
(8, p. 125, (2)].

() by =d, = g, and [4, p. 104, (47)], it reduces to [4, p. 186, (3)].

(%) ay=1¢ =a, ag=¢y =0 and Dixox’s theorem [8, p. 105, (3)], we have
(4, p. 186, (4)].

(v) ay=c¢;=a, by=d;=p, and [8, p. 106, (4)], we get [4, p. 186, (5)].

(v) ag=a, by=2a, ¢;=0, d;=24, and WaIpPLE's theorem [7, p. 363, (8)],
we obtain [4, p. 186, (6)].

(vi) by=—dy—p, by=—dy—g, and [8, p. 106, (6)], we get [4, p. 186, (7)].

(d) Results [4, p. 187, (12) to (15)] obtained by CHAUNDY can similarly be obtained
by choosing the parameters in (3. 3) suitably.

I wish to express my sincere thanks to Dr. V. M. Bmise for is kind help and
guidance in the preparation of this paper. My thanks are also due to Principal Dr, S. M.
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