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1. In a previous paper [1], we have shown
that, if « is a normal endomorphism of the
group G, then the operator a — o2 is also
a normal endomorphism of G and the
quotient group G/Ker(z—a?) is an abelian
group.

In this note, we extend this result; we
state a necessary and sufficient condition in
order that the quotient group G/Ker (f— B«)
be an abelian group, « and 2 being endo-
morphisms of G and B« being the compo-
site of 8 and <.

2. It is well known that, if « and
are endomorphisms of the group G, then
the operator 8 —a of G, defined by

(B—a)(x)=P(x)x(z"") for every ze G

need not be an endomorphism of G.
In fact, since

E—a)(@y) =Ly =y la)=
=L@ LB
and, on the other hand,
E—a)(@)E-a)@)=L@) (@)L =),

one concludes that f—a« is an endomor-
phism, if and only if one has

P@a(ea(@)=a(@"B@)=F")

for all @,y in G.
This means that the following holds :

Lewvma. If « and B are endomorphisms
of the group G, then the operator B — a is
an endomorphism of G, if and only if the

image of 3— « 18 in the centralizer of the image

of « in G.

THEOREM. Let « and (3 be endomorphisms
of the group G. Then the operator B — Ba
is an endomorphism of G and the quotient
group G/Ker (B — L) s abelian, if and only
if the image of B — B« i3 contained in the
center of the image of .

Proor. Let B—fa« be an endomorphism.
Then, as it is well known, the quotient group
G/Ker (8 — B«) is abelian, if and only if the
kernel of the endomorphism B — B« contains
the commutator subgroup of G, that is to say,

1) E—B)yziy=c

for all @,y in G, e being the neutral ele-
ment of G.
First, let us suppose that one has

(2) Im(B—Ba)< Center of Im(B).
Since
Center of Im(B)< Centralizer of Im(Bx) in @,

one concludes by Lemma above that the
operator 3 — B« is an endomorphism of G.
Furthermore, one has

B—PBa)(zyaly )=
=By ly Pa(zyaty)yl=
=B@)B @B (=MBH™)-
Ba(@)Pax(x)Ba(y)Ba(zt) =
=B@)B(WB(y")Ba(y)B(=)-
-Ba(x)fa(y)Bea(x)=
=B(@)B(@)Ba(x)Ba(y)-
Ba(y)Ba(z) =e.

proving (1).
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Now, let us suppose that the operator
g —Ba is an endomorphism of the group
G such that the quotient group G/Ker (8 —3«)
is abelian.

From (1) it follows

F—Pfa)ey)@—Lx)(@'y!)=e,
hence
E—Pa)@E—Pa)m=F—-La)(y=),
that is to say,
B(x)a(z)B(y)Bal(y)=Lyz)Pa(y=)T).

Consequently,

P(@)Ba(x)B(y)Bal(y?)=
=L@B()Ba(x)faly)
and so
B@)Ba(x)py)=PL@ BB

for all @,y in G.

Thus, for every xze G, the element
B(x)fe(x') commutes with every element
of Im(f), that is to say,

Im (8 — £ a) € Center of Im(B),

as wanted.

3. In particular, let us set 2 =c¢ (iden-
tity operator).
One has clearly Im(¢) = G and, since the
condition
Im (¢ — ea) © Center of G
means that

xa(z)e Center of G

for every xe G, one obtains
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CoroLLArRY 1. If « s an endomorphism
of G, then the quotient group G [Ker(¢—a)
is abelian, if and only if, for every xe@,
xz(x71) 43 in the center of G .

This Corollary is the Theorem 3 in [1].

Now, let us set = «.

Then, if the endomorphism o« is normal,
i. e., if

(3) a(uvu)=ua(v)u! for all u,v in G,

one sees that the condition (2) holds.
Indeed, from (3) it follows, by setting
u=a(z')and v=y,

at (@) a(y)a? (@) = x(z ) a (y)=(x)

that is to say,

a(x)a? (z ) a(y) = a(y)a(x)a?(z)

for all #,y in G.
This means that

(« — o) (@) (y) = = (y) (= — «?) (x)
for all @,y in G

and so the condition (2) holds.

By Theorem above, the group G//Ker(«— a2)
is abelian and one obtains the following result,
stated in [1] as Theorem 2:

CoroLLARY 2. If a is a normal endomor-
phism of G, then «— a? is also an endo-
morphism and G/Ker(« — a2) is abelian.
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