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Topological Semigroups

by John B. Pan, S. J.
Fu Jen University, Taipei, Formosa

Introduction.

A topological semigroup is a system con-
gisting of a set S, an operation ., (we omit
this dot and write this operation by juxtapo-
gition), and a topology T, satisfying the
following conditions :

1) for any x,yeS, xyeS;
2) for z,y,zeS, (xy)z==x(y2);

3) the operation - is continuous in the

topology T.

A topological subsemigroup H of a semi-
group S is a topological subspace of S and
also a subsemigroup of S.

An equivalence relation R defined on a
semigroup S is called homomorphic if for
any a,b,c,deS, aRb and cRd imply
acRbd.

Given an homomorphic equivalence rela-
tion R on S, we call the set of equivalence
classes mod R the quotient set and we de-
note it by S/R.

The mapping from S onto S/R defined
by mn(z)=the class mod R to which
belongs is called the natural mapping from
S onto S/R.

The family U of all subsets U* of S/R
such that »~1(U*) is open in S is a topology
for S/R and is called the quotient topology
for S/R.

We use the term homomorphism to mean
continuous homomorphism. In general, we
use the terms mapping, function to mean
continuous mapping, continuous function.

Let S be a semigroup, R be a homomor-
phic equivalence relation on S, and let S/R
be the quotient set. We define an operation
on S/R in the following manner. Suppose
that A and B are two arbitrary elements in

. S/R, then AB=C if for any ae A and

beB we have abeC. This operation is
well-defined because R is a homomorphic
equivalence relation. Also it is associative,
because the semigroup S is associative. The-
refore the quotient set S/R with the opera-
tion just defined is a semigroup. We call it
the quotient semigroup.

We say a semigroup S satisfies the con-
dition A if for every open set U of S, the
subset »~1(n(U)) is also open, where = is
the natural mapping from S onto S/R.

In this paper we shall prove the following
theorems:

TuaeorEM 1. [f the semigroup S satisfies
the condition A, then the quotient set S/R
is a topological semigroup with the quotient
topology, and the natural mapping n from S
onto S/R s an open topological homomorphism.

Toeorem 2. If S and T are two semi-
groups and g is a homomorphism from S onto
T, then g induces a homomorphic equivalence
relation Rg; on S.

TuEorEM 3. Let S and T be two topolo-
gical semigroups and let g be an open homo-
morphism from S onto T'. Then

a) S/R; s a topological semigroup with
the quotient topology ;
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b) the natural mapping n from S onto
S/R; is an open homomorphism ;

c) the mapping h from S/R; onto T
defined by h(A)=g(a) for any ae A
as a subset of S and AeS/R; is a
topological isomorphism.

TraEOREM 4. (The First Isomorphism
Theorem). Let S and T be two topological
semigroups both satisfying the condition A.
Let g be an open homomorphism from S onto
T and let R* be a homomorphic equivalence
relation defined on T . Then there is a homo-
merphic equivalence relation R on S and
there is a mapping h from S/R onto T/R*
which i3 a topological isomorphism.

At the end of the paper, we give an exam-
ple to illustrate the theorems.

THEOREMS

TeEOREM 1. If the semigroup S satisfies
the condition A, then the quotient set S/R s
a topological semigroup with the quotient topo-
logy, and the natural mapping n from S onto
S/R is an open topological homomorphism.

Proor. We have shown that S/R is an
abstract semigroup. Now we wish to show
that the natural mapping = from S to
S/R is an abstract homomorphism. Let X
and Y be two equivalence classes mod R,
and let XY = Z. Then by definition of the
operation in S/R, for any xeX and yeY,
2y e Z . Since the natural mapping n assigns
each element to the class it belongs, we
have

n(X)=X, n(Y)=Y, and n(xy)=n(z) =Z.

These equations together with the equation
XY =7 imply that n(zxy) =n(x)n(y).
This shows tbat the natural mapping = is an
abstract homomorphism from S onto S/R.

Now let U* be an open set in S/R. By
the definition of the quotient topology for
S/R,2-1(U*) is open. Hence = is continuous.

Let U be an open set in S. Since S
satisfies the condition A, n~1[n(U)] is open.
Then by the definition of the guotient topo-
logy, n(U) is open,

Now we wish to show that the semigroup
operation in S/R is continuous. Let A and
B be two arbitrary elements in S/R such
that AB = C. Suppose that W* is an open
neighborhood of C. Then W =n"1(W*) is
an open neighborhood of C, considered as
a subset of S. Since the semigroup operation
in S is continuous, for every aeA and
every beB such that ab=c, there is an
open neighborhood U, of a and an open
neighborhood V, of & such that U, Vb(_:‘W
Choose such a neighborhood U, for every
aeA and such a neighborhood V, for every
beB. Then

[;JAU,, V, = [a[;{ U.,] [H‘ v,,] CW.

Now | JU. is an open neighborhood of A

aeA
in S, and » is an open mapping. It follows

that n[ U U,,] is an open neighborhood of
a6A
the element A in S/R. Similarly n[ U Vb]
beB
is an open neighborhood of the element B in

S/R. Since [ yu ] [ U V{ICW we have

n [ L{U“]REE'UBV{I u‘n[ U&U‘. l,UBV;,:l
ca(W)=W*

Hence we have found an open neighborhood
n I: U U,.] of A and an open neighborhood

aeA

n [ U Va.] of B such that

beB




GAZETA DE MATEMATICA

21

n [,':{m] n [ble_ivb] C W+

This shows that the semigroup operation in
S/R is continuous. With this, the proof of
the theorem is complete.

TreorEM 2. If S and T are two semi-
groups and g is a homomorphism from S
onto T, then g induces a homomorphic equi-
valence relation Ry on S.

Proor. We define a relation R, on S in
the following manner. Suppose that a and
a* are two elements of S, then

a=a* mod R, if and only if g(a)=g(a*).

Evidently, R, is an equivalence relation.
We show that R, is homomorphic, i. e., if
a,a*,b,b*e S such that @ = a* mod 2, and
b=>b*mod B,, then ab=a*b*mod R, .
Now a = a*mod R, implies g(a)= g(a*),
and b=0b6*mod B, implies g (b)=yg (%),
These two equations imply that g¢(a)g(d)
= g(a*)g(b*). Since g is a homomorphism,
we have g(a)g(b)=g(ab) and g(a*)g(5*)
= g(a*b*). Hence g(abd)= g(a*?b*). This
means that ab = a*b*mod B,. This com-
pletes the proof.

Tueorex 3. Let S and T be two topo-
logical semigroups and let g be an open
homomorphism from S onto T . Then

a) S/R; is a topological semigroup with
the quotient topology ;

b) the natural mapping n from S onto
S/Rg is an open homomorphism ;

c) the mapping h from S/R; onto T
defined by h(A)=g(a) for any ae A
as a subset of S and AeS/R; is a
topological isomorphism.

Proor. By theorem 2, g induces a homo-
morphiec equivalence relation 72, on S. Let

S/R, be the quotient set. Then S/RE, is a
semigroup. Let n be the natural mapping
from S onto S/R,. We show that the
semigroup S satisfies the condition A.

Let U be an open subset in S. Since g
is an open map, g(U) is open in 7'. Also
g is continuous. Hence the subset g-1[g(U)]
is open in §. But gl[g(U)]= {xe S|g(z)
=g (y) for some ye U} and n![n(U)]
= |xeS|g(®)=g(y) for some ye U} hence
wl[n(U)] = g7'[g(U)] and nl[a(0)] is
open. This shows that S satisfies the con-
dition 4.

Since S satisfies the condition 4, the
parts a) and &) follow from theorem 1.

Before proving part ¢), we wish to show
that the mapping % defined in the theorem
is well-defined.

Let A be any element of S/R, and let
a* and a** be any two elements of 4 as
a subset of S. Then

a* = a**mod R, .
This implies

g(@*)=g(a**).

Hence
h(4) = g(a*) = g(a**).

This shows that 2 is well-defined.
Also % is a one to one mapping. For each
AeS/R, there corresponds a unique value

h(4)=g(a)

in 7' as shown above. Now since ¢ is a
mapping from S onto 7', for each te 7
there is an element a e S such that ¢ = g(a),
by definition of R,,a = b mod &, if and only
if g(a)=g(d). It follows that for each
g(a) =t, there is one and only one equiva-
lence class Amod B, such that %(A4)=g(a)
=¢. Hence % is a one to one mapping.
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We further show that %2 is an algebraic
homomorphism. Let 4 and B be any two
elements in S/E,. Then

h(A B) = g(ab)==g(a)g(®)=r(4)hr(B),

where @ and & are arbitrary elements of A4
and B respectively. This shows that % is
an algebraic homomorphism.

We show also that % is continuous. Let
A be an element in S/R, such that %2(4)=t,
and let 7 be an open neighborhood of ¢.
Since %(A) = g(a) for every aeA, and
since ¢ is continuous, for every ae A, there
is an open neighborhood U, of a such that
g(U,) < W. Choose such an open neighbor-
hood U, for every aeA. Then [ ](U.) is

aed
a neighborhood of 4 in S and 'n[ U(U“)]

aegd

is an open neighborhood of the element A
in S/R,;. But g| U(Ug):lr-h{n[U(Ua)]}
aed aed

C W. So for any neighborhood IV of A(4),
we have found a neighborhood =2 [ U (Uu)]

aed
of A such that h{n{ U(Ua)]}clif. This
aed
shows that % is continuous.

Finally we show that % is open. Let U*
be an open subset of S/R,. Since the natu-
ral mapping n from S onto S/R, is conti-
nuous, n~!(U*) is an open subset in S§.
Also, g is an open mapping from S onto 7.
So g[n-1(U*)] is open in 7'. But

gln1 (U] = h | n[a ) (U]} =R (T¥).

Hence A(U*) is open in 7'. This shows
that %2 is an open mapping. This completes
the proof.

We can sum up theorems 1, 2 and 3 by
the following form of the fundamental theorem
of homomorphism of the topological semi-
groups :

If the semigroup S satisfies the condition
A, then the quotient set S/R is a topolo-
gical semigroup with the quotient topology,
and the natural mapping = from S onto
S/R is an open topological homomorphism.
Conversely, if g is an open homomorphism
from S onto a semigroup 7', then 7 is
topologically isomorphic to the quotient se-'
migroap S/R,, where R, iz a homomorphie
equivalence relation defined by

a R;b if and only if g(a)=g(b); a,beS

TueoreM 4. (The First Isomorphism Theo-
rem). Let S and T be two topological semi-
groups both satisfying the condition A . Let
g be an open homomorphism from S onto T
and let R* be a homomorphic equivalence
relation defined on T . Then there is a homo-
morphic equivalence relation R on S and
there is a mapping h from S/R onto T/R*
which is a topological isomorphism.

Proor. Since R* is a homomorphic
equivalence relation on 7', by theorem 1,
T/R* is a topological semigroup and the
natural mapping n» from 7' onto T/R* is
an open topological homomorphism. Siace
the mapping ¢ from S onto 7 is also a
homomorphism, it follows that the produet
mapping ng from S onto 7/R* is also a
homomorphism. We show that ng is open.
Let U be an open set in S. Since g is
open, ¢g(U) is open in 7'. Also, = is an
open map; so ng(U) is open in 7/R*. This
shows that »g is an open topological homo-
morphism.

Now S and 7/R* are two topological
semigroups.. S satisfies the condition 4,
and n ¢ is an open topological homomorphism
from S onto 7/R*. Hence, by theorem 2,
n g induces a homomorphic equivalence rela-
tion R,, and 7/R*. Denote R,, by £R.
Then we have S/R=T/R*. We call this
isomorphism %. This completes the proof.
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ExamprLE. To illustrate some of the fore-
going theorems we give the following
example.

Let (0,c0) be the semigroup of positive
real numbers with addition as its operation
and with the usual topology as its topology.
Let

S=[(z,y)|xe(0,),ye(0=)]

and let the veector addition be defined in
o f 1R

(x,9) + @ y*) =@+ 2"y +3*).

The set § with the vector addition is a
semigroup.

We topologize the semigroup S with the
usual product topology P; <. e., the family
of subsets

B=[UxV)|U,V are open in (0,c0)]

is the base for the topology P in S.

We define a relation R on S as follows:
for (z,y),(@% y")eS, (@, y)R@"y") if
and only if x = x*. It is easy to see that
this relation [/ is an equivalence relation,
becanse the equation a = x* is reflexive,
symmetric, and transitive, We show that the
equivalence relation R is also homomorphic.

Suppose that (zy,1), (21, 1), (2, 2);
(«5 , y5) e S such that

(@15 91) B (29, 92) and (21, 91) B (22, 5)-

Then «; = a9 and z] = 5. From these
equations we have

:.!.'l+a.‘?=;r2+:c§.
Hence

(2 + 2t > 91 +9D) Bl@a+ 2b, 30+ 28).

This means that the relation is a homomor-
phic equivalence relation.

The equivalence classes mod 2 are of the
form: fx} < (0,=). We denote the set of
all equivalence classes mod & by S/R. We
define an operation in S/R in the following
manner. Let {a}><(0,c) and |y} ><(0,co)
be any two elements in S/&. Then

{#} >< (0, 00)+{y} ><(0, 00) = {&+5} ><(0, =0).

Since for any two positive real numbers =
and y the number x4+ y is unique, the
operation defined on S is well-defined. This
operation is associative, because the operation
of addition in the set of positive real numbers
is associative. Hence the set of equivalence
classes mod R with the operation of addition
is a semigroup.

We define the natural mapping n from §
onto S/R by assigning each element (x,y)
to the equivalence class [z} ><(0,). We
show that the mapping = is an algebraic
homomorphism. Let (x,y) and (x*,y*) be
two arbitrary elements in S. Then = (x,y)
— [} ><(0, ) and n(@*,y*) = [=*} (0, o)
nd a((e,5)-+ @y )= lo+a*>< 0, ).

ut

n(z,y)+ n (=% y*) = {2} ><(0, ) + [a*}
><(0,00) =+ a*} ><(0,).

Hence
'n(xyy) 75 n(m‘,y‘)= n(a::y) o= (w"y*)'

This shows that the mapping = is an abstract
homomorphism.

Now we topologize the semigroup S/R
with the quotient topology with respect to
the mapping =. That is, a subset U><(0, o)
is open in S/R if and only if a~1[ U ><(0,<0)]
is open in S. We observe that

w7t [UX(0,)]=U><(0, ).

Hence a subset U ><(0,<) of S/R is open
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if and only if the U is open in the usual
topology of (0,c).

If a subset U><V is open in S, then
the subset

1 [U3<(0, )] = U><(0, o)

is also open in S. Hence S satisfies the
condition A.

We show that the natural mapping n from
S onto S/R is continuous and open. Let
U><(0,) be an open set in S/R. Then
n1[U><(0,)] which equals U><(0, ) is
open in S. Hence n is continuous. Now let
U><V be an open subset of S. Then
n(U><V)=U><(0,) is open in S/R
according to the observation of the last
paragraph. Hence n is an open mapping.

Finally we: show that the semigroup ope-
ration in S/R is continuous. Let ja}><(0, )

and {y}><(0,) be any two elements in
S/R such that

{2} ><(0, e0)+ {y} >< (0, ) = {2+ y}><(0, ).

Let W><(0, ) be an open neighborhood
of {# 4+ y} ><(0, ). Then since the addition
is continuous in the semigroup of positive
real numbers, for an open neighborhood W
of @ + y, there are open neighborhoods U
of  and V of y such that U+ VCW.
Choose U><(0,c) as an open neighborhood
of jx}><(0,e0) and V><(0,c0) as an open
neighborbood of {y}><(0,<).

Then '

U<(0,00) + V< (0,00) = (U + )
><(0,00) CcW><(0, ).

This shows that the semigroup operation
in S/R is continuous.



