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Fourier series for G-function of two variables

by H. C, Gulali

Department of Mathematics, Govt, College, Mandsaur, India

1. Introduction. The object of this paper is to establish four integrals involving
G-function of two variables and use them to evaluate four Fourier series for (G-function of
two variables. Some results given by KEsarwaxi [5] and Baspar [2] are shown as parti-
cular cases.

The symbol A(3,a) represents the set of parameters «/3,(« +1)/d, ..., (a8 —1)/3
where & is a positive integer and (@,) stands for a;,ay,az,...,a, throughout this paper.

AcarwaL [1] and Snarua [8] defined the G-function of two variables in the form of
MELLIN-BARNES type integral which has been symbolically denoted by Bagepar [3, (1. 1)] as

z|(ap,); (¢p,)
1. 1 G(’-“q,’“!]i(ﬂu,"s):"l (Fﬂs)
( ) (r,p3), s (00,9400 s y (bq,);(dq,)
(fa)
» ATIT =) IITA—a+s) JIT@— ) JITA—c;+ ) [TT (1 —e;+5+1)
P i=1 i=1 J=1 j=1 =1
(21-”)- a 'y L Pa
IT r(--b+s) II T(ei—s) II T(-d+t) IT T(;—2)
Ly Ly jem+1 J=r+1 J=myt1 jenatl
LEPTL
~ =3 dadt.
II Ttj—s—0JITA—-fi+s+1)
J=ng+1 J=1
The contour I, isin the s-plane and runs from —i¢co to -}ic with loops if necessary,

to ensure that the poles of I'(b;—s),j=1,2,-..,m lie on the right and the poles of
'l—a;+s),j=1,2,...,m and T'(1l —e; +8+1),j=1,...,n3 to the left of the

contour. Similarly the contour L. is in the t-plane and runs from —ico to + 7eo with
loops if necessary, to ensure that the poles of I'(d;—),j=1,2,..-,ms lie on the right
and the poles of I'(1—c¢;+¢),j=1,2,...,m2 and T(1—ej+841),/=1,2,..-,23

lie on the left of the contour.
Provided that 0 £m L q1, 0L ma L g2, 0 L Lpu, 0 L2 Lp2, 0 L3 £ p3; the
integral converges if
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(ps+qa+pr+q)<2(m +nyr+n3);(ps+ g3+ p2 + q2) < 2 (ma 4 nz + n3);

=

1
(1. 2) I-arg:cl<[m1+m+ns—;(;m+rn+p3+g3) T,

1
[Iﬂl‘gz}!<[?ﬁz+"z+ﬂa-—;(fvs+92+m+s’3):|'"~-

The following formulae are required in the proofs.

Ve T (3)2—0OT (n+7)

11:1\(,-_;—’_?1) ]ta(3*§)>0,ﬂ=0’1’-..

(1.3 f sin(2n+1)6 (sin6)' " d6 =
0

which follows from [(7), p. 80]

- V=L (+n)T(1/2—1)

(1. 4) JO cosn 6 (sin6/2)2'd 0 = =z Re(-29>0,1=0,1,2,..

which follows from [6, p. 143]

2, The integrals to be evaluated are

x (sin 6)722 | (ap,) ; (cp,)

i Brg . W1=2% o~ (myymy) i (ny, ), my (ePs)
2. 1) f sin (2 u + 1) 0 (sin 0)2F GLm it mm
3 (peapd,eai(m,9:) 0 Y (bfh);(dq:)
|(f'.’a)
”J'i A@,1—%—u),(a,),A0,2 =8+ u);(cp)]
= i (e5.)
- 1 G(m|¢3:m:);(:¢‘4S_vr;),m g 3 A
5 @H25,ppa (n425,00,m | g A(g,? — t_) 1 (0g,),A (8,1 —1);5(d,,)
|(f0) |
where

Re[3—-2t4+25(1—@a)]>0,;=1,2,...005u=0,1,2,....

Other conditions of validity being the same as (1. 2)

| T (2,); (ca) 7]

w
2, 2 sin (2w +1) 0 (sin 0)172% G mdsimand (er)
(=-2) of 1 (2w +1)0( ) ey miina® |y (gin 6)-25 | (b,,) 3 (dy)
— (.f'f!)

; |
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[ z|(a,);A06,1—E—u),(c,),A(3,2—C+u)T]

- E G("‘u‘ma+3)§(ﬂl.‘l;+ﬁ)."; (eP:)
TV 3 PR @namid | g1 (5,)58(3,8/2—1),(d,),A03,1 1)
(f3) |

where
Re[3 —2t4+23(1—¢)]>0,;=1,2,... ,n55u=0,1,....

Other conditions of validity are same as (1. 2)

[ = (sin6/2)723 | (a,,) ; (c,)]

c 07928 (i, m)i(ngme),me (er)
(2. 3) 0/ cos u 6 (sin 6/2) G(phpzhp“(%%)'q‘ ) (5o ()
L (fa) =
[ |AG,1—=8—u),(a,),A(3,1 — &+ u);(cp) 7]
\/EG(m.+3,mmt»ns.n.).n, (es)
— 5 P+28,p),P(a 23,90, 4 y [A@,1/2—12),(5,),A(3,1 —12);(d,)
I> it TR

where

Re[1—2C+25(1— aj)]>0,j=1,2, o--,ﬂl;u=0,1,‘3’..._

Other conditions of validity are same as (1. 2)
p |- 2 (ap); ()]
2.4 cos u 8 (sin 8/2)72% g (™ i, ma), s (e2,)
( ) / i (5111 / ) (Pi,pe),Psildn, 4:),4s g/(sin 9/2)_23 (bql] ;(dq,)
0
L (f2) A
[ =|(a);A0@,1—t—u),(cp),A (3,1 — %+ u)T]
= T GmmetB)in, ned3), m (ep.)
3 (P, rs+28), 20 (90, 9:43) s y ("J(,l,) ; A(5 ; 1/2 b - ﬁ) . (dq,) : A (a , { £ ;)
_ (f?:) —_

a

where Re[l — 2% +2d(1 —¢)]>0,,7=1,2,...,m; u=0,1,2,..
Other conditions of validity are same as (1. 2).

Proor. To prove (2. 1), expressing the G-function as MELLIN-BARNES type integral
(1. 1), interchanging the order of integration which is justified due to the absolnte conver-
gence of the integrals invclved in the process and evaluating the inner integral with the help
of (1. 3), we get
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I“_[I‘(g&_..;)I“‘[I“(l—arJ s)]_'_[I‘(d+ Hr(l—c,+t)HF(1~eJ+s+r)
2 ji=1 1=1 Ji=l1 ¥=1 <
Qmi)? : :
e II ra—s49 U T@— I Ta—d+y I T
J=m1 J=n+1 J=my+1 J=n:+1
- VET(3/2—¢—38)T (L + u +3s) = Shdaeas

I F—s—OIITA—fi+ s+ OTE+39)T (@ —L+u—3s

P =n3+1 ji=1

On applying multiplication formula for Gauma functions [4, p. 4 (11)] we get

E 1
3 (Zme)?

J f Hr(b ——s)HI‘{l — aj- +3)Hl‘(d —t)HI (1-g+:}1‘[(1—e,+s+t)

i=1 =1 Jj=1 Jj=1 <

I]’_ (1 —b 4 s) ﬂ I'(a,—s) H I(1—d;+t) 1‘[ [(e;—s—1) 1‘[ I'(c;—1)

J=m+1 J=atl J=m+1 J=1+1 J=n.+1
31 3/12 —C+1 3=1 i ) 0
Hr(f s)HF<4+3)
> g : =0 e x* ydsdt.
HF(l—jj, s—}—t)HI‘(C-H )Hr(_,_:“_‘“) 3)
=0

Now on using (1. 1), the integral (2. 1) is proved.
The integral {2. 2) is proved by the same method as above. The integrals (2. 3) and
(2. 4) are proved on adopting the same proceedure and using (1. 4)

3. Particular cases: (i) If £ is an integer, (2. 3) and (2. 4) can be written, respec-
tively, as

[ (sin )23 |(a,,); (cp) ]

(3.1) ™ (sin ®)2% cos 2u @ G i(nm.ms (er) i
‘jﬂ (P, P1), Pai(Gu,q:) s 90 Y (bm);(d%)
L (fa) |
x|A@,1—5—u),(a,),A0@, 1 —t+4u);(c)T

(e}’:
A(3,1/2—1),(b3),A(3,1 —1%);(dy)
(f2) _

= Tt Eam)i(nt 8, na), s
== g (428, pa), Pas (3428, 9) 90

¥
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the conditions of validity are same as for (2. 3)

(3- 2) ‘/ﬂ: (gin (b)‘gt co8 2u ¢ G(“‘lnmt)i("h"l)s"s
0

I x (aF l) ) (cP:) 7

(ePl)

(CI DN H GO A Yy (Eiﬂ q)}_gs (bgﬁ) ; (dq,)

L (fa) A

[ «|(@);A0@,1—t—u),(¢),A(3,1 =% +u)T]

= e G(“'l ymy+8) (04, naf-§)ny
3 (Py, Ps+28), a3 (91, 9:428) , 0a

The conditions of validity are same as for (2. 4)

(ep,)
¥ |(bg);4(,1/2-0),(dg),A(0,1—10)

(f2) 2

(%) Putting sin(2u 4 1)6 sinb = %[cos2 u6—cos 2(u+ 1)6] in (2. 1) and using

(3. 1), we get

o M+, m); (3, m) 5,
(3.3) 2 G{p.+ﬂa,ps).p..—(q.+23 EANA

— O+ me) (0§, ne) ms
e (Ps+28,2:), Pai (0428, 901 s

(ﬂ'-+3.mz);("|+3,m},m
(P28 ) pa5 (9425, 904 g

AR, 1 —%—u),(ay),A (8,2 —C + u);(cp)]
(e5.)

A(3,3/2—1),(h),A(3,1 —);(dy)

(fa) i
A{5 L] l—l;—u),(a,,l),A(a,l . C+u);(c,,)‘
(BP:) —
A(3,1/2—1),(2,),A03,1—1);;(dq)

(f2) it
A(Ji'"ﬁ s u),(ap,),A(a,E—t;-]- u);(cm)r—
(ep.) .
A@G,1/2—1),(b,),A0,1—1);(dg)

(f2) |

Similarly using (2. 2) and (2. 3), we obtain,

o ol met3) (a0, net-§), 1
(3. 4) = G(FHFH-QBLPH(-?: 2 +23), ¢

[ z|(a);A0@,1—%—u),(c,),A(3,2—C 4 u)7]

(ep.)

Y (bfs);A(a!3fr2_ﬁ):(d-?=)s‘ﬁ(6:1_E;)

(fa) J
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[~
(myyma+-8);(neymat-§),na (e.Pa)
(P..m+28}.m(qut?-+28).41‘ ¥ [(4);A0,
= (fq'a)
[t
e mek3)i (ae mat-B),me (e5.)
(Pis2st+28) pai(en; 94+28), 95 y (bq‘) A (a .
L (f?n)

1/2_‘:)1(dq-)lA(a;l—C)

1/2—‘ ﬁ),(dq,),ﬂ(a,'l—ﬁ)

(%) When u =0, we get from (2. 3) and (2. 4) respectively,

14 (myyms);(nyyne)on,
G(Pn 1)y Pai(dis ?1)1?!

(3. 5) .£ " (sin 0/2)"

P * G(ﬂ-+3.m):(ﬂ.,»-).n-
3 (Pit8,09),Pailqi+8,9:), 92

The conditions of validity are same as for (2. 3)

™

(sin6/2)°2* G

\/EG
3

(myywg) i (g, ma)y Ma

(Paspa) s Pai(ae,09) s,

(3.6)

(my,ma+§) 5 (ny, 73, ma
(Provat3),ps; (9, 93+8) s 25

I~z 8in 0/2)72% | (a,,) 5 (¢5,) 7]

(ep))

(54 5 (d4.)
(fe)

(a.v-) , A (6 y1—=10); (cﬂs)
(eP:)

A(3,1/2—1),(hg)5 (dg)
(/)

Y

ax

z (ap)i(ery) 7
(e5,)
y(sin 8/2)7%3| (8,)); (ds,)
i (fa) |

| @ (aPu);(cP:)rA(aJ l—ﬁ)
(en)

¥ [(ba); A(a) 1/2 —-¢),(d,,)

The conditions of validity are same as for (2. 4).

(v) Putting me = g2 =1, n2 = n3 = ps = p; = g3=~0 and making use of the formula

(3, 1. 5), viz

(fa)

I = |(@); — 7

(bg); O

G{”hll: (n.0),0
r,0),0;(7,1),0

(8.7)

-

(a,)

P [‘” (5q)

(a,i);A(a,l—Z;—-u),(c,,,),A(B,I-—C-I-u)_

(@), A3, — t—1u),(cs),A(3,2—E+u)7]
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we get from (2. 1),

(ai’n) ds
(bTJ

—— m'+8'ﬂ“s A(ail_t»_u)!(am)s A(ayg—t-l-u)
p.+ns,q.+93[ [A(a,s/z—z),(b,_), A@,1—10) ]

2mi+ ) >p1+ qu, Re[3—2L+25(1 —a)]>0; J=1,2,..;m

(3. 8) f " sin (2 4 1)0 (sin ) 72 G [m (sin )23

where

|urgml<[m1+m-—-‘1,—(zn+§u):|i u=0,1,2,...

(3.8) is same as [2, p. 70D, (2. 5)]. Further putting d=1 and ¢ =0, (3.8) reduces to a
known result [5, p. 151].

Similarly specialising the parameters, we get from (2. 3) another known result
[6, p. 151].

4. Fourier Series. The FourIER series to be established are

“"m (liﬂ. e)_23 (aPt) ; (cP!) I
(4.1) -2 g (my ) ; (mi,m3) , Ma (Gp,)
(sm ) (P-.w-}ﬁ-;(m.qa}.q- y (bm) ; (dq,)
. (fﬂl) —_
I = |A(@,1=t—r),(ap),A,2—+1);(cs) |
2 & a3, m), (e5,) i
= G ; L 2r+1)8.
m § (1428, 4, Pas (1 +25:92) , O y d(5,3;'2—2:),(b.,,),d(3,1 —-E);(d,,) sm( r )
i (f‘i‘l) —_
The conditions of validity are same as for (2. 1)
| x (ap,);(cp,) 7|
RPN LR S H NS RN (es.)
(4' 2) (sln 9) G(n.m}.m;{ql.q«).q. y (sin 9)—23 (6:.) : (dq.)
— (fﬂ'a)

T = |(a5,);A0,1—&—17),(25),A(8,2—5+7) T

e (75, ot 8) 3 (my mat-5), G in(2ri1)0
V“a xgo (1, P2 t+28),Pai(91,72+28) s Y (bq');A(a,3/2_§J’(dqh)-‘a(5,l_£) Bln( i i« ) cA
L (f";l) |
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The conditions of validity are same as for (2. 2

[ = (sin8/2)23 | (ap);(cp) |

3 —27 (my,me); (ng,ma), ms (3 .)
(4.3) (sin9/2) G(n.p:),m(m,#:).% Y {b;);(dq,) 5
—_ (f'i'a) -
[ = |@e)A0,1=1);i(cp)
1 ek 3,m)i (), me (ep.)

Vwo (P35, P2, Pai (qt 8, 3:), 0 ¥ |A@,1/2—1),(b4);(dq)

LI (f?a) = |
I = .{l(a,1—t;-—T),{ap‘),ﬁ(a,l—;-{—!");(Cp.)-_

. 2 (m+3,ms); (45, ms) s (ep)
+ —_ G , Rt cosrf .
E Vﬂa (P25, p2), Poi (@128 ,9:), 4 Y A(a, 1/2_ ’;),(bq,),ﬂ(ﬁ,l —ﬁ);(dq,)
| 2 (f‘;a) -
The conditions of validity are same as for (2. 3)
7 z (ap); (ep) ]
0 0/2 —o1 G(’“u.m!);("u.":)."a (EF.)
(Bm / ) (P1,02) P (31, 92) s Y (sin 9/2)-2 3 (b q.) : (dq,)
1 (f‘fl) 1
(4. 4)
[ = |(ap);(ep),A0,1—8) ]
=X ~15 G D), m (fa) i
\/1:_(! (P, Pr+8), P05 (91, 9:18) , 0 ¥y (bq.) ; A (a - 1/3 o :) : (dq,)
| (f*i’:)

[ @|(ap);A@,1—t—7),(cp),A0@, 1—Lt+7)7]

ol 3 (ep) cos(r).

——G
< 3 2 Vxd (21,02 +23),Psi 191, 9:423), 4 ¥ (bq,);A(a,1/2~L:),(dq-,],A(5,1—~’;)
i (fq-) 2

The conditions of validity are same as for (2. 4).

Proor. To prove (4. 1), let

[ (sin 0)23 | (ap,) 5 (cp) 7]

(4. b) f (8) = (sin 9)14: G(mhm.];(n..m)n, (ep,) = E C,8in(2r+1)6.

(1, P2)iPaildn,as), 9 y ‘(bm) : (dg))
—- (le) —

r=0
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Equation (4.5) is valid since f(68) is continuous and of bounded variation in the
interval (0, =) when Re(l —2%)X 0.

Multiplying both the sides of (4. 5) by sin(2u + 1)6 and integrating with respect to
§ from O to =, we get

B ( 8in 0)-23 | (a,) ; (c.)
. -9F . my,m.);(ny, n), ny (e,,,)
(sin 0)'" 2 sin (2 + 1) 0 Gl mimd
(p1,pe)opai(aa) g Yy (bm) ; (dq,)
0 (f‘h)

=iC,J"“nin(2u+1)esiu(2r+1)9da.
r=0 0

Now using (2. 1) and the orthogonality property of the sine functions, we get

€ ﬁ(ﬁ,l _t-_r)!(aPI):A(asg_:+r);(cﬁu)

(4.6) O, = —2_ GH3m it mm ()
VRS edhehiaiibadn ]y |AG3,3/2 ~2),(0),A0,1—1); (d)
(f'.'.'x)

From (4. 5) and (4. 6), the formula (4. 1) is proved.
(4. 2) is also proved by the same method as above and using (2. 2).

To prove (4. 3), let

x(sin0/2)23 | (a,,) ; (cp,)

4.7 8) = (sin 6/2)°2% @™ mi(n,m:), ms (ep.) - SPel A
( ) f( ) (sin /2) G(p-,r-)-m;(‘n,ff:).m y (ba) 5 (dg,) CD"' Z C; cos (r 9)
(/2)

Integrating (4. 7) with respect to 8 from 0 to = and using (3. b), we get

z | (ap,), A(a y1 —128);(ep)

1 m m:)i( n n - (P’)
4-8 C — G{ ;_ra?‘, ).-( (] x)l L] P,
( ) 0 Vit (pet8, 20, pas (0 +H8,9:) 0 Y A3, 1#“2 - 3;) : (bm} ; (d%)
(fa)
z|A@,1—C0—7),(a,),A(0,1—%+7);(cp)
b
4. 9 C‘r - o (=43 ."":]i("l"'s,"i)l“’ (ep'}
( ) Vw o (i 425,72, 235 (9 428,9:), s Yy A(u‘,l,‘.?—".‘,),(bq,),A(a,l—C);(dq,)
(.fkh)

From (4.7), (4. 8) and (4. 9), the formula (4. 3) is proved. Formula (4. 4) is also proved by
the same process and using (2. 4).
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Particular cases. Specialising the parameters and making use of (3. 7), we get the

‘known results [2, p. 707, (8. T)] and [D, p. 149 (1. 1)] as particular cases of (4. 1). Similarly

the result [D, p. 149 (1. 2)] can be obtained as particular case of (4. 3).
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