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Fourier series for G-funcHori of two variables 

by H. C. Guloli 

Dejiarlinfial of BlathazniUcs, Oort. CulJufh', Mauilsaur^ Jndi» 

1. I n t roduc t i on . The object of this paper is to establish four integrals i nvo lv ing 

G-fuuction of two variables and use thein to evaluate four FOCRIEB series for (R-function o f 

two variables. Some results given by KESARWANI [5] and BAJPAI [2] are shown as parti-

cular cases. 

The symbol <A (5 , a) represents tbe set of parameters a/3 , (a + l ) / 3 , . . • , (a + 3 — l ) / 3 

where d is a positive integer and (fi,,) stands for < i i , a 2 > a 3J > an throughout this paper . 

AGARWJL [1] and SHAR.UA [8] defined the G-function of two variables in the form o f 

MELLIX-BARNES type integral which bas boen symbolically denoted by BAJPAI [3, (1. 1)] as 

(1. 1) (I'i.Pii.fJltJt^OiSi 

r-X 

K ) 
W i W 

(U) 

n r ( v - « ) n r ( ! + * > n r a - o n r ( i - + o n r ( i o 

j - 1 1-1 H j - 1 ^ 

r i r ( i - b j + s ) n T(oj-s) f i r c i n r ^ - t ) 
J—MI-F I R,+ \ J=M,-}-] J = ] 

X 
x' y' 

I I + 0 
>-». +1 J-=-1 

d n dt. 

The contour L i is in the s-plane and runs from —1'«> to -J- iw with loops if necessary, 

to ensure that the poles of T (bj — s) = 1 , 2 , • • • ,w>i lie oo tbe right and the poles of 

r (1 — aj + s) ,j = 1 , 2 , . . . , Wi and r {1 — tj + a + i) ,j = 1 , . . . , n3 to the left of tbe 

contour. Simi lar ly the contour /_,» is in the i-plane and runs from — i w to + ioo with 

loops if necessary, to ensure that the poles of J' (dj—i) ,j = 1 , 2 , . . . , ma lie on the r ight 

and the poles of r (1 — cj + f ) , j = 1 , 2 , • • • , » i and T(1 — 4j + s + t) ,j = 1 ,2 , •. - , v3 

lie on the left of the contour . 

Frovided that 0 ^ m{ ^ , 0 ^ mt ^ g ; , 0 ^ ni ^ p i , 0 ^ Z. pt, 0 ^ n3 ^ p3 ; the 

integral converges if 



23 C A Z E T A D E M A T E M A T I C A 

(1 . 2 ) 

' (p3 4- (J3 + pi + Qi) < 2 ()>»£ + Jit + fi3); (pi + qz + Vi + 3s) < 2 (jrei + 4- «3); 

] arg x | < j^nii + m + »3 — (pi + qi + Pi + qz) J«> 

I arg y\< + + Mj (ps + qt + pi + « . 

The fol lowing formulae are required in the proofs. 

(1.31 / r i o ^ + l ^ C . t o . ^ ^ - . ^ ^ - Q T i . + O 
•/o 

which fol lows from f(7), p. 80] 

r > T ( 2 ^ T T n ) 
l i e (3 — S) > 0 , n = 0 , 1 , •• 

( I . 4) r c o s n 9 ( s i n — ^ r l V ' ^ ' J 1 / 3 T - ^ - R e ( l - 2 E ) > 0 , « = 0 , 1 , 2 , 
J 0 l c l ^ l — .,-{-«) 

which follows from [6, p. 143] 

2. The integrals to be evaluated are 

(2. 1) r 8in (3 a + 1)9 (sin J})1'2' ^ V r t j i t f t i t t t i 
Jo 

r i ( s i n 0 ) - 2 5 K . ) ; («P.) 

( « * ) 

( M j K ) 
(A.) 

die 

\ 3 tei+aSv^RiCfli+iS.ail.d 

A 0 , 1 - E - » ) , (a,,,) , A (5 , 2 - 5 + «) ; ( c j 

where 

R e [ 3 - 2 t + 2 3 ( 1 - a , ) ] > 0 , ; = 1 , 2 , = 0 , 1 , 2 , . . . . 

Other condit ions of validity being the same as (1. 2) 

(2.2) 

X 

Y (sia fl)-as 

( A ) 

dO 
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/ 
a; ( O ; A (3,1 - Ç - «J, , 4 (3,2 ^ X + «) 

( O 
( A * ) ; A ( J , 8 / 3 - 0 , ( ^ , 4 ( 3 , 1 - 0 

Í / í , ) 

where 

Re [3 - 2 C + 2 3 ( 1 - c / ) ] > 0 , ; - 1 , 2 , . . . = 0 , 1 , . . . . 

Other conditions of validity are same as (1. 2) 

( 2 . 3 ) I « o . - • ( - % ^ o & ^ á S s : » 

> ( s i o e / 2 ) - a s 

y 

( « n ) ; ( O (« * ) 

c / j 

cie 

3 <pi+2s,p0,pi;tíi+2j,í:),í. 

4 ( 3 , i — ç — w ) , K ) í 4 ( a , í - i : + w)j(cP l>' 

io 
4 ( 3 , í / s ^ ç j . t s * ) ^ , I - £ ) ; ( < * * ) 

( A ) 

where 

R o l l - 2 ? + 2 3 ( 1 - a , ) ] > 0 , ; = 1 , 2 , . - . , ^ , ^ = 0 , 1 , 2 , 

Other conditions of validity are same as (1. 2) 

( 2 . 4 ) r I cos u s (sio e / 2 r a ! í í ? í " "™ ; ) í t ' " / , " > ^ v ' ' (J"i,l>,),Pii<íi,í,),í» y (sin 0/2)-2S 
d e = 

_ »(» I I IK,+j) ((ill, Ht+S), n. 

K ) ; 4 (3 , 1 — Í — it) , (c r : ) , A (3 , 1 - Ç + « ) ' 

Í W 
( M ; M 3 , i / 2 - Q , ( ^ ) , 4 ( 3 , 1 - 0 

( U ) 

where Re [1 - 2 £ + 2 3 (1 - c,)] > 0 , j = 1 , 2 , . . . , ; u = 0 , 1 , 2 , . . . . 

Other conditions of validity are same as (1. 2). 

PROOF, TO prove (2. 1), expressing the £?-function as MBLLIS-BARNES type integral 

(1. 1), interchanging the order of integration which is justified due to the absolnte conver-

gence of the integrals involved in the process and evaluating the inner integral with the help 

of (1. 3), we get 
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n r II r (1 - *,+») 11 r (dj+t) n r (i-cj+t)IXr(i- o 
j—i j=>\ w J ^ I 

n r(i-bj+*) n r ia,—4 n rci-̂+o ft r̂ -o 
L J> j— n,+l j 

X 

X 
t / ^ r ( 3 / 2 — c — à s ) r ( g + u + jj») 

x' y' ds di . 

n r ^ - i - o n ^ 1 - f j + »+t}T(z+Ss)r{2 - g + t t — i t 

On applying multiplication formula for GAUJIA functions [4, p. 4 (11)] we get 

/IT 1 

V 3 ' 

j = l j ^ l j ^ l j ^ l J=1 

ft + ft r(bj—IT IKi-rfj+o ft ft r(9-o 
L, L. 

J-=">i+l 

ff r,M-i±L_ ,sgr 
€-0 V ^ / WO 

J—*i-H J=mi+1 J=»Mi+l 

S-L 

( i ± | ± i + . ) 
x' y' d s dt . 

N o w on using (1. 1), the integral (2. 1) is proved. 

The intogral (2. 2) is proved by the same method as above. The integrals (2. 3) and 

(2, 4) are proved on adopting the same proceedure and using (1. 4) 

3. Particular cases: ( i ) I f t is an integer, (2. 3) and ( 2 . 4 ) can he written, respec-

tively, as 

( 3 . 1 ) 
•Jn 

~ x (sin K , ) ; K ) 

M 

y C 

d<b 

_ / JL. 8 •"*«) ;(ni+B ,"il,». K>) 

( A ) 
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the coEditions of validity are same as for (2, 3) 

(3. 2) f {»in * ) - « c o b 2 a * 
**o 

y (sio 

(op,)i {cpy 

M 

< M ; (<(•) 

C A ) 

d i 

^ (Fi,Pi+aS),P.;(ii,ii+2o),ij 

K ) ; A (3 , 1 - S - « ) , ( c „ ) , A ( 3 , 1 - ? + u ) • 

( ^ A C M / a - O i K O . A t M - S ) 

(A) 

Tbe conditions of validity are same as for (2. 4} 

( « ) Put t ing s i n ( 2 u + 1 ) G s i n O = — [ c o s 2 k S — c o s 2 ( i t + 1 ) 9 ] ia ( 2 . 1) and uaing 

(3. 1), we get 

(p>+2 S , Pi) , J>. j (i.+a S> ii) > <!• 

(p.+2 S, Pti. p'; ( i i + 2 3. iO , f i 

A ( 3 , 1 — i - « ) , ( a P l ) , A (3 , 2 ~ z + u ) ; ( C p , ) ' 

M 
A ( o , 3 / 2 - 0 , ( ^ ) ^ ( 5 , 1 - 5 ) ; ( < * * ) 

(A) 

A ( a , 1 - 5 - * ) , ( « * ) , A (3 , 1 - 5 + « ) ; ( « „ ) ' 

A ( 3 f 1 / 2 - ^ , ( ^ ) ^ ( 3 , 1 - ? ) ; ; « ) 

(A) 

A ( i i — i — « ) , K ) , A ( 3 , 2 - X, + u ) ; ( c P l ) ' 
( « » } 

A ( 3 , 1 / 2 - 0 , ( M , A ( i , 1 - 5 ) ; ^ , ) 

(A) 

Simi lar ly using (2. 2) and (2. 3), we obtain, 

(3 41 3 p,,i"t 8),"» 

A (3 ,X — i — « ) , ( < v O » A ( J , S ~ i + u y 

O P . ) 

(^i.) > A ( 3 , 3 / 2 — £ ) , (tf i :) , A (3 , 1 — £) 

(A) 
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U tf. >Í .+2 S) • P-; («i. ? >+25) 11> 

K ) 
( M ; A ( 3 , 1 / 2 - Ç), , A (3 , 1 - Ç) 

(/«.) 

(a , , ) , A { 3 , - C - n ) >(«»)> A ( J , 2 - ? + « ) " 

(*») 

(A) 

(3. 5) 

( r a ) W h e n it = 0 , we get from (2. 3} and (2. 4) respectively 

' x sin 0/2)~2® 

Jo 

( « * ) » (CP,) 

M 
( K ) ; ( < U 

( A ) 

de = 

- n / Í 
/j(»<+! . •»«); ("• i "i),*« 

(A+a • , i (i'+S. it). 1' 

i.apò i A 0 , 1 — Ç) j ( cA ) 

C/Í.) 

The condit ions of validity are same as for (2. 3) 

( 3 . 6 ) J ( « inG/2)-» : 
y (Bill 0/2) {l\-3S 

( * * ) ; t«**) 

( / « . ) 

d B 

TV ^(»i.w-.+S) 

(Pi • í'J+S)J/'. ; ()i i Í7+S) 19' ( ò , r ) ; A ( 3 , l / 2 - í ) ) ( d J 

( / a . ) 

The conditions of validity are same as for (2. 4). 

( w ) Putt ing MI = = 1 , m = 713 = = ^3 — J j = 0 and mak ing use of the formula 

[3, 1 .5] , viz 

(3. 7) 

X 

— 

z {&«); 0 

— 

. e-'J G «WIS] 
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we get from (2. 1), 

(3, 8) r sin (2 w + 1) e (sin 9)1 &u"n> [x (sin 0)"2S [ d 0 

Jo * " ! , L ! ( a 5 , ) J 

r 1 4 ( 3 , 1 4 0 , 2 -

3 1 4 ( 3 , 3 / 2 . ^ 0 , ( 4 ^ , 4 ( 3 , 1 - 0 J 

where 

2(m< + « i ) > p i + Re[3 — 2 t + 23 ( 1 - a,)] > 0 ; ; = 1 , 2 , . . . , « i 

| arg a? | < + 7I| -(- ; « = 0 , 1 , 2 

(3 .8) is same as [2, p. 705, (2. 5)]. Farther putt ing 3 = 1 and 5 - 0 , ( 3 . 8 ) redaces to a 

known result [5, p. 151 J. 

S imi lar ly specialising the parameters, we get from (2. 3) another known resul t 

[5, p. 151]. 

4. Four ier Ser ies . The FOURIER series to be established are 

( 4 . 1 ) 

(̂"•i+S , «il i <"i+S, «0 

y'^Tj j^J (fi4 2 S, p,) ,'p,, (?,+2 S , Si), <?. 
f' • 0 

The conditions of validity are same as for (2. 1) 

( 4 . 2 ) (s in^ ) I- e íG ;* ' ' * : í ; ( " ' ; ^ l ) ' " , 

a; (sin S)-2® (oP l) ; (c p . ) 
( « * ) 

y i b * ) ; (rf<i.) 
(/«.) 

A (3 j 1 — 5 — r ) j(aPi)> 4 ( 3 , 2 — 5 +»") ;(C,j,) 

4 ( 3 , 8 / 8 - Q , ( * * ) » 
sin ( 2 r + l ) 8 

y ( s i n 0 ; -as 

Pi+zsj.c.i^i.ii+asi.i. 
r=0 

M t C O ' 
(«p.) 

(ft) 

( f l P l ) ; 4 ( 3 , 1 - 1 1 - ^ ( 0 ^ ( 3 , 2 - . C+r)" 

( / « J 

s in (2 r-(-1)6. 
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T h e cond i t i ons o f va l i d i ty are s ame as for ( 2 . 2 ) 

fir (n't.1 (nl. . 
( 4 . 3 ) 

' a ; ( s i n0 /2 )- a S 

y 

+ 2 T ^ i 

1 

(eP.) 

(A ) 

( a i . ) > A ( 5 , 1 — Ç) ; (Cj , ) 

( / J 

A ( 3 , l - S - - Ç + r ^ í C f t ) ' 

Ç - j J 
A (3 , 1 / 2 — Ç) , ( Í * ^ ) , A ( 3 , 1 — ; (DJ,) 

(A.) 

c o s r S . 

T h e cond i t i ons o f va l id i ty a r e s ame as for (2 . 3) 

/ • o/ov-sr ^t"'.*">);(". ,"=)."> 
( a m 0 / 2 ) ^ j r t j ^ . r t , » 

îf (s in 9 /2 ) 
01-2Í 

(aF,) J (CjrJ 

( f t f j i í á j 

(A) 

( 4 . 4) 

= V ^ T ' * >*•+?)ti»F'(?i,Î>+Î).?" 

(m, (nijn.+S),"! 

+ 

( « p , ) ; C c f . ) . » 1 — - 0 " 

<A.) 

( ^ ) ; A ( 3 , l / 2 - t ; ) , ( ^ , ) 

CA) 

( « „ ) ; A (3 , 1 - ç - r ) , ( c ^ ) , A (3 , 1 - Ç + r ) ' 

M 

(A.) 

cos(í-Q), 

T h e cond i t i ons o f va l i d i ty are s ame as for (2 . 4). 

PROOF- TO p rove (4 . 1), let 

( 4 . 5 ) / (9) - (sin of-** 

( « jO ; («p.) 

( O 
y ( U ; (<**) 

ÍA) 

= V C r B Í n ( 2 r + l ) 0 -

r=0 
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Equat ion ( 4 . 5 ) is valid since / ( 9 ) is continuous and of bounded var iat ion in t he 

interval (O . i t ) when B e ( 1 — 2 5 ) ^ 0 . 

Mul t ip ly ing both the sides of (4. 5) by sin (2 u + 1)9 and integrating with respect to 

9 from 0 to 7c, we get 

f (8in 8 ) ^ ( 2 u + tytoi'^;!:;^* 
r a < sin 0)-2S 

feO 
(K); (<*«.) 
( A ) 

dQ 

= 2 Cr r sin (2 u + 1)0 Bin (2 r + 1)9 dQ 
T —0 

Now using (2. 1) and the orthogonality property of the sine functions, we get 

( 4 . 6 ) Cr 

A YYOM+S »«•>!("II+S,FLI),N> 
Y/^J (p>+3S , P.). Pj i (si+S S, «Oj F> [ 

, 1 - X - r ) , K ) , a (3 , 2 - ? + r) ; (cp,) 

( A ) 
) 

From (4. 5) and {4. 6), the formula (4. 1) is proved. 

(4. 2) is also proved by the same method as above and using (2. 2). 

To prove (4. 3), let 

(4. 7) / ( 9 ) = (sin 9/2 )""2* O f c ^ l t a S S : , 

rar(sin9/2)-2S 
{«p.) 5 CcPO 

(Off,) i « ) 1 ^ 

( A ) } 
In tegrat ing (4, 7) with respect to 0 from 0 to ^ and using (3. 5), we get 

( 4 . 8 ) D j — i " • ( P . + S . P . i . f t i f f . + i , , „ y re o | y I K ) , A ( M - $ ) ; « ) 

A ( 5 , l / 2 - 5 ) M I « ) 

( U) 

( 4 . 9 ) a=~t==-
r a; A , 1 - C - r ) , fe) , A (3 , 1 _ i + r ) ; ( c„ ) 

(«P.) 

M M / 3 - $), ( M , M M - i ) ; 

(/«.) 
] 

From (4, 7), {4. 8) and (4. 9), the formula (4. 3) is proved. Fo rmu la (4. 4) is also proved by 

the same process and using (2. 4). 
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P a r t i c u l a r c a s e s . S p e c i a l i s i n g t h e p a r a m e t e r s a n d m a k i n g use o f (3 , 7) , w e ge t t h e 

k n o w n resu l t s [2, p . 7 07 , (3 . 7)] a n d [5, p . 1 4 9 {1 . 1)] as p a r t i c u l a r cases of (4 . 1). S i m i l a r l y 

t he resu l t [5, p . 1 4 9 (1. 2 )] c a n be o b t a i n e d as p a r t i c u l a r case o f (4 . 3 ) . 
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