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1. In t roduct ion . In this paper we have evaluated six integrals involving G-function 
of two variables and LASUERRE and HERSIITE polynomials respectively. Fur ther we have 
employed these integrals to establish six expansion formulae for the G-function of two 
variables involving LAGUERRE and HERMITE polynomials respectively. Some expansions for 
KAMPÉ DE FÉRIKT function of two variables and MEIJER'S G-function have been obtained as 
particular cases. 

The G-function of two variables recently given by AGARWAL [1] and SHARMA [8] is a 
generalization of KAMPÈ DE FERIET'S generalized hypergeometric function of two variables [2], 
MEIJER'S G-function, MAC-ROBERT'S S-function, product of two G-functions and most of 
the known functions of two variables such as APPELL'S functions Fi, Ft, Fs, Fi, the 
WniTTAKER functions of two variables and many higher t ranscendental functions [6, p. 215-222] 
may be obtained as part icular cases of the G-function of two variables. Therefore , the results 
established in this paper are of very general character . 

T h e modified G-function of two variables will be represented and defined as follows: 

(1.1) 

( a * ; cPly 
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• dsdt. 

The contour Li is in the a-plane and runs from — i oo to + with loops, if necessary 
to ensure that the poles of T (bj — s) (J = 1 , 2 , • • . , mi) lie on the right and the poles of 
r (1 — <zj + s) ( j = 1 , 2 , • • • , | H and T (1 — es + * + t) ( j = 1 ,2, to the left of the 
contour. Similarly the contour L i is in the i-plane and runs from — too to + ioo with 
loops, if necessary to ensure that the poles of F(dj — t) ( j = 1 , 2 , , nit) lie to the right 
and the poles of T (1 — cj + t) ( j = 1 , 2 , . - . , « , ) and r (1 — e} + s + t) (J = 1 , 2 , •.., ws) 
to the left of the contour . 
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Provided that O ^ m i ^ ^ i , 0 ^ ^ qz, 0 ^ ?u ^ pi, O^jiz^pz, 
the integral converges if 

(p> + 31 + qs + < 2 («1 + mi + Ms), 

( P 3 + Ç2 + ?3 + P I ) < 2 (ÎÏÎ3 4- «S + TIP , 

j arg a; [ < -J- m + «3 — ™ (pa + + ?3 + P i ) J * , 

I a r g ^ j < + v% + fl5 — — 1|B + + ? 3 + PalJ jjj|& • 

Now we discuss some important properties and particular cases of the G-function of 
two variables, which are apparent from the definition of the G- function of two variables. 

The (^-function of two variables is symmetric in parameters f r t , • • • , an i likewise in 
a„ ,+ i , • • • , aPi ; in c , , - • • , c„, and c „ ) + 1 , | • • , cri ; in bl,--',b„,1 and , • • • , b^ ; in 
c/j « • ' * . d,,^ and ] , • * • , dtJi and in , * * • : and e„a_|_i,.. , eri. 

If one of the ctj ( j = !,•••, Kj) is equal to one of the bj ( j = mj + ! , • • • , <?]) or one 
of the bj ( j = 1 , . • • , M]) equals one of the aj [ j = TI, 1 , . >• , p{) then eacli of , and 
«j (and TKJ") decreases by unity. This is similarly true in case of parameters d j s and Cjs. 

Obvious changes in the variables in the integral ( I . 1) give 

(1. 2) v ' J u w j m ' S ; hi > 'a) • 'is 

X K ; M X [aH -f p ; Q + 

Q(ml : "'î) ; (»1 •'*»)> «8 en + p + f 

y [K ; 
Q(ml : "'î) ; (»1 •'*»)> «8 

y XK + p '» di, + c) 

.t98 f u + P + 17 _ 

S J (J'I.JS) /'!! Cïl,'i»},Î 

" x - i [nn ! < W ~X ( 1 - K y 1 — dg,) 

(< 1, J a), s 
1 ~u 

rx (< 1, J a), s 
( 1 - aPi ; 1 — ci>.) 

A a 1 ~ ^P» 

Adjusting the parameters of (1. i ) as given below, we obtain the following relation 
between the G-function of two variables and KAMPE de FERIKT function of two variables: 

( 1 . 3 ) 
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-P e\ > f l , f p 
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For sake of brevity KAMPÈ de FÉRIET function may be denoted by 

J' 

Using the definition of MEIJER'S £?-function [6, p. 207, (I)] , we find that the G-function 
of two variables can be represented by a single contour integral , viz. 

X («íi ; Cf,) 
epí î 

y Íhíi ; | Í , | 2 ici 

fi» 

n r | | - i ) S r ( 1 - f 
i = i jM 

il T(i-bj+8) n r ( a j - s ) 
i-l 1 j'-Bi+l 

Qms, a R C1 > ' " ) c"t y e \ 8 ! " " î ePi 8 1 C"i+I > I c n 
fj-f/;S,Î! + Î3 r® J 1 n J . f , 

L I a l > ' • • 1 a Î2 l / l — s J •• • î / îa — 3 
a? ds. 

In (1. 4), putting v>2 = q2 = 1 , efj = 0 , w2 = = p2 = — 0 , and qs = 0 and using the 

formula Gl'? (Z 10) = we have U , 1 

n 5Ï /?(""!. Hi (-1,0), 0 f 3 1 0®Pl — )~1 „ 1 1 L 
2 içi* 

n i f A ^ I n teífifeS 

n | n r ( « , - * ) 
il J=mi+1 J 

I I a » "" î iL l&J 

In (1. 5), taking y = 0 , it reduces to MEIJER'S G-function [6, p. 207, (1)] which is 
a generalization of many higher trascendental functions [6, pp. 215-222], 

The following formulae are required in the proof 

( 1 . 6 ) I P F T F T S 
J o 

which follows f rom [5, p. 292, (1)] 

( 1 . 7 ) e-*'I-l,{x)dx = 
V — GO 

( - i y r f p ) r f p - «) 

n ! r - a - » ) 
He P > 0 , 

t g y - 2 p T ( 2 V + 1 ) 

which follows from [3, p. 1, (1. 2 ) 1 
In what follows 5 is a positive integer and the symbol A (3, a.) represents the set of 

parameters ajo, (a + l)jê , ••• , ( a - f 3 — l)/<5. 
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2. The integrals. The integrals to be evaluated aro 

K , ; cP!) 
Cí>í 

ZK 5 

fia 

dx 

1 3 2 (2ir) ( " 1 ) " j|ii*i,»i);í (^.«iJ.ni+aS 
] (PI, Í > S ) J F S 4 - 2 S ; (9I,'JAÍ,FFA + B * 3 S 

| j $ | l i - oc-m ePt 

(bH i ãQ,) 
/ „ , A ( 3 , l + « + n - p ) 

Re ((3 + 3 bj + <5 ãk) > 0) ( j = 1 , • • • , mx; k = 1 , ... , m a ) , 

J n z 
dx 

TT ° 
(S-Tt)2 2 (— 1)" „(„„,,,)! <2S+*I.«)».«* 

^ ,t)2-p-n (SS + PiiPiJiJ's; (S + íiiíi).?! 

y i * [ A ( 3 , i — p) , A : ( a | p 

[bqi, A(3,1+a + ^ - p ) ; d?f] 

Re (p + 5 bj) > 0 0 ' = 1 , . . . ,1*0 ; 

( 2 . 3 ) R ^ - Í ^ W F E F Í F F Á Í 
J n 

2 K ; Cp,)" 

zx% 

Jí t 

dx 

/o \ 2 2 / 1 \ (2-E) (— 1)" - ( « i , ^ , («,,35+«,).", 
n ! <P>)3!+Pí»P»í (íi'Í+9Í)Jfi 

3 3S 

K , A ( 3 , 1 — {3), A(3 , 1 + « — (3), e g ' 

Re(|3 + 3 á * ) > 0 (/Í = ! , . • . , m 2 ) ; 
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( 2 . 4 ) f f ^ ^ M ^ m f m 
— oo 

(2 TT)1/2"S|S 2" [n1,ni),t3 + 2$ 
»-W2-P (Pi J Pí) • i'3 + 2s ; (?,,ís),ís + S 

p = 0 , 1 , 2 , • • • ; 

(2, 5) f & t e ^ HJx) ("vM'v' 
È a J w (PMJjPti (íníaí.ís 

/g slf2-S/2 gf 

w/2-p (Pi + 2 SI Ps), Pa; (?I + SI íz)! 'Js 

p = O, 1 , 2 , . . . ; 

(2 .6 ) r ^ » ) ^ y / v ; (Pi.fWílSi (íii«MS oo 

y a;aS (aPi; cPJ ~ 
er, 

zx2S (K; <*«,) 
t y f («*. ;« pi) 

A (2 3 , — 2 p), 

z3s p ? 1 , d9t) 
fM A ( 3 , v / 2 -

K , ; CP=) " 
ep3 

z ; H 
/í» 

(2x) w-m o" 

3' -íi/2-p (Pi j Pi + 3 S), pi; (ç., íi + J), is 

y 

doe 

«PS 

fto 

dx 

A ( 2 3 , - 2 p ) , C p i ] ' 
p)J 

& 

K . 5 cpa) ~ 

i 

f - 0 , 1 , 

wliere 

CPs + ?i + ?5 + i ? l ) < 2(íl! + í»! + m5), 

Os + 92 + Ws + P2) < 2 (m2 + W + ns), 

j a r g ^ j < + w, + Í33 - — ( p s H à + ç , + 

| arg|3 j < |"ma + n2 + n„ - ~ (p5 + g2 + + | a ) J * . 



18 G A Z E T A D E M A T E M A T ICA 

PROOF. TO evaluate the integral (2 .1) , expressing the (7-function in the integrand 
as (1. 1), interchanging the order of integration, which is justified due to the absolute conver-
gence of the integrals involved in the process, we have 

w. :, in, Tt, 
n r {bj - s) n r fx - aj + «) n r (fy — t) n r (i — c, + *) 

j=\ J=1 i=l J=1 
(2 71 J I gi Pi i! Pi 

J J n r (I - bj+s) n r m m » ) n r (I - dj + t) JJ r p - m 

N R ( I - E J + S + ^Y'Z ' 
X ^ J x ^ i ^ t ' l e - x L : ( x ) d x - d s d t . 

Now evaluating the inner integral with the help of (1. 6} and using multiplication 
formula for Gamma function [6, p. 4, (11)], we get 

ffl, Tlj ti? 

n . r ( v - i ) i i r ( r - i | + | n r ( d , — t) n m - h + 1 
1 I I .7 — 1 1 = 1 3 = 1 j ™ 1 

TU tla i I 1 Pi ft ?« 
v J J n r ( i - ^ + s) n r ( a , ~ s ) n r f i - d j + o n r ( c , - * ) 

ij L, J=mi+I J = »' 5+1 

X 

"a 
N R ( I — S + T)Y' ZL 

N R ( I R « - ( ) I I R ( I - I + 8 + I ) 
J = »B + 1 j—1 

i = 0 \ 0 / i = 0 
X 

i - B - B S- l ^ / 6 — a - n + i \ 
w i a ^ p ii T i - i - — — + s + 

teO \ ° J 

On applying (1. 1) the integral is established. 

Formulae (2. 2) and (2. 3) can be similarly established on applying the same procedure 
as above with the help of (1. 6) and formulae (2. 4), (2. 5) and (2. 6) can be similarly obtained 
with the help of (1. 7). 

3- The Expansion Formulae. 

The subject matter of expansion formulae for hypergeometric functions occupies a 
prominent place in the l i terature of special functions. The expansion formulae for hypergeo-
metric functions of one variable were given from time to time by various mathematicians. 
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However, the expansions of hypergeometric functions of tsvo variables are not mucb 
attempted so far. 

The expansion formulae to be established are 

(3. 1) 
( P l l í » í ) l PSi ( l i . I ÎB 

y cPi) 
eP3 

O 
_ 2 ÍCS 

A 

(27c)S a " 
•}—1/2— a— »! 

L I 

( - w 
(a + r + 1) 

1(m1,iîrî); (li, Itj), "s+28 

r 3 s 

•ë 

(aPi ; cPl) 
A (§ , — w — a ) , A (ò , — to), ePi 

/ « , » A ( 3 , r - w ) 

Re[w + a -f òbj + 3d*] > - 1 (J = 1 , ••• , i»i ; A = 1 , • , « i 3 j ; 

(3 .2) xw g[(»i,™i); (Ht»"i)> "s 
(pt)wii>i (ïhiO'ÏJ 

ep3 

(Ki diù 
z U -

I _ 1 R ( 2 l t ) 2 2 Ù co n , , 

r 1 1 2 - - s i r ( « + < t + 1 ) 

1 i a y o b [A(3, — w — «) , A (5, ~ w) , Op.; c,,]" 
e/>, 

, l i C B r - ^ i <*„] 

À 

Re[iiJ + a + 3bj] > - 1 ( j = 1 , . . . , m , ) ; 

(3 .3) (PVIPÙ,J>IJ (ÎI,ÎI)IÎB 

y (aPi ; 
ePs 

(&«, » ^î»1 

7 « 

(2 tc)2 2 

r 1 ' 2 - * - " ffii,Pi+S),Pii (îi 1S + îî),ÎÎ 
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zo" 

\M ; A (3 , — w - a) , A(3 , — w), cp,) 
CPS 

/ía 

l ie [íí? -j- a. + 5 dk] > — 1 ( j = 1 , •. • , m2) 

(3. 4) Q(rni.mj); 
y K ; < W T 

zx 

/t> a/B -ZJ (Pi,p!)rí+2Si (íi,ís)>ía+S [4 n p r=(l ' 1 

,3 s 

J 

mi; < y 
fit ~ 

A ( 2 3 , - 2 k > ) , c „ 

(3. 5) {PnPt^-Pr, 0SWi)>Ís 

y x2^ K ; <w~ 

z 

U -

V^O x-l 0 gim,,"!); <a, + 2S,»,),«, 
( 2 ^ á 

(3 .6 ) ,.2ir («I,"!>,«! 
íPI.PO,^; (ÍÍ,?I),ÍI 

(/"•> JSic M ,W2 

y 

ZX2à 

3 3S 

[A (2 3 , — 2 to), ; í/^J" 
e p , 

/<?. 

«F. 
(6?.; I?,) 

U _ 

i i 

where 

(Ps + ?i + ?s + Pi) < 2 («1 + w'i + í!s) -

(Pa + Sa + + Pa) < 2 (m3 + «a + «3)» 
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j a r g y \ < + wa + n 5 — — (ps + + qs + p , ) J n , 

( 

| a r g zj < j^raj + n j + 1 5 _ __ (p 5 J Ç s + g5 + jjjj)! . 

PROOF. TO p r o v e (3 . 1) , l e i 

yx% (%; cp,T 
ep, 

sa?S (K; di<) 
f h 

L ^ A X ? ^ ) . 
r=0 

Equation (3, 7) is valid, since /(a?) is continuous and of bounded variation in the open 
interval ( 0 , <») f when w ^ 0 . 

Multiplying both sides of (3 .7 ) by xa e~x M(x) and integrating with respect to x 
from 0 to <=o, we have 

yx$ 

ep> 

z 

U -

d x 
/•OO 

Jo 

iVG r x*e-*Ll{x)La
r(x)dx. 

S o 

Now using (2. 1) and the orthogonality property of LAGUEHRE polynomials [5, p. 292-293, 
(2) and (3)], we obtain 

(3, 8) Cu = -—v ' I i—_ pi«.,»;); («., «,),".+8» 

2 5 s 

Í.4-S 

A (3 , — w — a) A (3 j - w), ep, 

U j A ( i « « ~ § 1 

From (3. 7) and (3. 8) formula {3.1) is obtained. 
The formulae (3. 2) and (3. 3) can be established on applying the same procedure as 

above with the help of (2. 2) and (2. 3) respectively. 
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To prove (3. 4), let 

y x 2 S 

ibi> ; d i , ) 

f i s 

= V CrIUx). 
r=0 

Equation ( 3 . 9 ) is valid, since f ( x ) is continuous and of bounded variation in the open 
interval (—oo, co), when w \ 0 , 

Multiplying both sides of (3. 9) by e~xl Hi, (# ) , integrating with respect to x f rom 
— OO to OO, and using the orthogonality property of BERJIITE polynomials [7, pp. 192-193, 
(5) and (6)], we get 

./ 311/2+10 
fo -t'Ai p y " 0 Win,,m,); (rti,n,),n,+3S 
(o . ± u j o u — ^ ( / . . N . F . + S S ; íti.í»), Í .+2S 

u ! (2 i t)0 ' 'J 

(aP, ; cj0 
A ( 2 3 , - 2 w),eFs 

(K ; O 
A I A ( Â , « / 2 - U > ) _ 

Now with the help of (3. 9) and (3. 10) the expansion (3. 4) is obtained. 
The expansions (3. 5) and (3. 6) can similarly be established using the integrals (2. 5) 

and (2, 6) respectively. 

4- Particular Cases. 

On specialising the parameters, the G-function of two variables may be reduced to 
many functions of one and two variables. However, only a few interesting particular cases 
are given below, 

(I) In (3. 1) and (3. 4) reducing the G-functions of two variables into KASIPE DE 
FERIET function of two variables in view of (3. 1), we obtain 

"L ro. ;(../*. J 
1 i . . % „ ( to + 1 ± i \ „ / ! + « + » + , 

(=0 \ 0 ) 

A(3 , 1 + íü + a ) , A ( 3 | l | tólCfcifí8., ^ ^ 

R e ( w + « ) > - ! ; 
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m ' J , , 
L ( D )NL( E J )P J 

\/2ow i = i \ 2 3 J 

P J J 

p i + 3 * , . r («1 , A (2 a , 1 + 2 » ) ; (b , c)m; y 3s j z 3 s ] 

L ( ^ „ I K L + I » - ^ ) ; ^ , / ) , J 

where 

p n <_l vi + 1, \ a rg y \ and | arg 21 < — (l + m + 1 — p — n) it. 
2 

Similarly other results involving KAMPE DE FEKIET function of two variables corres-
ponding to the formulae (2. 1) to (2. 6), (3. 2), (3. 3), (3. 5) and (3. 6) may be obtained easily. 

(it) In (3. 2) and (3. 5) setting the parameters in view of (1. 5), we get 

MM 
+ 1 + r j 

1 I bqi, A ( a . r - w ) J r V * 
P 

where 

pi 1 + $ > # # J § 

Re (w S « + 0 bj) > - 1 { j = 1 , . • -, m i ) . 

Whicb is an expansion similar to the formula [4, p. 5, (2. 8)] recently given by the author. 

(4 .2 ) 

(2 TC)s/3 r I p'+^.sj+s 

A ( 2 3 , - 2 w ) , | | j | 

r i l i i l i . 
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where 

Pi + Î1 < 2(7»! + Til), 1 a rg y J < ^ + — — " J * 1 ) * ' 

I am thankfal to D r . P . D, S. VERMA for the inspiration be gave me. 

R E F E R E N C E S 

[1] AQABWAL, R, P., An extension to Meijer's G-function, Proe. Nat . Inst. Soi. India, 31 (A).6 (1965), 536-5-16. 
[2] APFELL, P. , et KÀMPÎ; DU F^BIBT, J. , Fonctions hyper géométriques et hypériphériques, polynomes d'Bermite, 

(Gauthier-Vil lars , Paris , 1926). 
[3] BAJPAI, S. D., An integral involving Fox's H-function and heat conduction, Math. Educat ion, 3-1 (1969), 1-4-
[4] 1 Some expansion formulae for Merger G-function, V i jnaaa Par i shad Anusandhan Pa t r ika , I I 

(1968), 1-14. 
[5] EanÉLYr, A., Tables of integral transforms, Vol. 2 (New York, McGraw-Hill , 1954), 
[6] , Higher transcendental functions, Vol. 1 (New York McGraw-Hill , 1953). 
[7] RAIKVILLE, E , D,, Special functions, {New York, MacMillan Co. 1960). 
[8j SHAHMA, B. L,, On the generalised function of two variables, Ann. Soc, Sci. Bruxelles Ser. I. 79-1 (1965), 26-40. 


