GAZETA DE MATEMATICA

A remark on groups without cenler

by José Morgedo
Faculdade de CiBncias, Universidade do Porto — Portugal

Introduction

Let G be a multiplicative group and let e
denote the neutral element of G'. If the cen-
ter Z of G is constituted only by the ele-
ment e, then @ is said to be a group
without center.

The purpose of this note is to state the
following

THEOREM : If G s a group without center
and the commutator subgroup G', of G, fis
directly indecomposable, then G +is directly
indecomposable.

We give two proofs of this Theorem.
For the first proof, we need some results
on normal endomorphisms.

1 — Preliminary Lemmas

Let os recall that an endomorphism « of
(¥ is said to be a normal endomorphism of @G,
if one has

(1) a(zyxzl)=axa(y)z!, foral z,ye .

An endomorphism « of G is called a pro-
jector of G, if « is normal and idempotent
(i. 8., ol = r.t}.

The group & is directly indecomposable,
if and only if the projectors of G are exactly
the identity endomorphism ¢ (defined by
¢(x) =a, for every xe(G) and the zero
endomorphism w (defined by w(x) =e, for
every xe ().

Lemma 1: Lei G’ be the commutator sub-
group of G . If « is a normal endomorphism
of G, then the restriction of « to G' is a
projector of G/.

Proor: Indeed, let y be the restriction
of « to G'.

Itis clear that y is an endomorphism of @,
for G' is a fully invariant subgroup of G.

Moreover the endomorphism y of G’ is ob-
viously normal. Thus, in order to prove that y
is a projector of G', itis sufficient to prove that

7% (a) = y(a), for every aeG'.

Since every ae G’ is a product of commuta-
tors of G, it is clearly sufficient to prove that

PElyley)=y@@'ylzy),
for all x,yeG.

By (1), one has for all =,ye G,

Pty tley)=al(zlylzy) =
= z(a(z 'y x)a(y)) =
=a(@la(y)ra(y)) =
=a(x)a(a(y)za(y) =
=a(za(ya(r)«(y) =
=a(@lylazy) =
=y(ly'lzy)),

as wanted.

LEMMA 2: Let « and B be normal endo-
morphisms of G and let y and 3 be, respec-
tively, the restrictions of « and P to G'.
If one has

y(a) = 3(a), for every aeG’,
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then the operator o« — ﬁ is a normal endomor-
phism of G and the subgroup Im (o — B) s
contained in the center 7 of G.

Proor: In fact, from

a(@tylay) =gy tey) =
=3yt ay) = pltyay),

for all @,y e G, it follows, by the normality
of « and f,

ala(yaaly) = a B )zB),
for all »,ye(.

Hence,

@)  za@B@ N =e2@BE =,
for all #,ye G,

that is to say,
z(@—B)(y)=(e—B)(y)x, forall x,yeC,

meaning that the set Im (« — ) is contained
in the center Z of G.

Now, let us see that the operator a — f3
is an endomorphism of G (and so Im(a—p)
is a subgroup of G).

One has clearly, for all 2,ye @,

(— B)(xy) = a(zy) B(zy) " =
=a(z)a(y)BF")B(=").
On the other hand,
(a—B)(2) (« —B) (¥) == (x) B (z D)2 () B (¥)-
Thus, one must prove that

«()By B =ElNe@BE™,
for all #,ye &

and this is obviously true, in view of (2).

Lastly, for all #,ye G, one has, by the
normality of « and 8,

(x—B)zyr ) =a(eya)bleyat) =
= za(patzf(y)at =
= z(=—B)@)=1,

and from here one conecludes that the endo-
morphism « — (5 is normal, which completes
the proof of Lemma 2.

2 — First proof of Theorem above

Let us suppose that the commutator sub-
group G', of G, is directly indecomposable
and let @ be a normal endomorphism of G'.

Then, by Lemma 1, one has necessarily
either
a(c-lyley)=alylzry, for all x,yeCG
or

a(z-lylay)=e, forall z,ye@.

This means that, if « is a normal endo-
morphism of G, then one has

either &/ =¢ or o« =o',

where o/, ¢, w' denote, respectively, the res-
trictions of «, ¢, o to G'.
By Lemma 2, one has clearly

either Im (¢ — &) S {¢} or Im(z — w)C fe},

in view of the fact that G is a group without
center.
Thus, one has obviously

either «(x) = for every xe &
or a(xr)=e for every ze @,

meaning that

either a=¢ or a—uw.
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Consequently, G has only the trivial pro-
jectors, € and w, and so G is directly
indecomposable, as it was to be shown.

3 — Another proof

Let us suppose that G is the direct pro-
duct of the (normal) subgroups 4 and B,
G=AxB.

One must prove that

either A =¢ or B = [e}.

First, we are going to show that, if
G=Ax<DB, then one has G'=A'"<B' G, A1
and B’ being, respectively, the commutator
subgroups of G, A and b.

In fact, let [g,h]=¢ 'k 'gh be a com-
mutator of G.

Since g=ab and h=cd, with a,ce 4
and b,de B and, moreover, each element
of A4 commuotes with each element of B,
one has

[g k] =0b"a'd 'clabed =
=a 't 'd Ve achd =
=a'clach'd'bd =
=[a,c][d,d].
From this it follows that G'< A’ B’ and,
since A’ B'CG’, one concludes that G'=A' B/,

Now, A’ and B’ are normal subgroups
of G'; in fact, if ge G’ and [a,cle 4,

with a,ce A, then

gla,elgt=[gag?, geglled,

because gag-le A and geg-le A, proving
that A’ is a normal subgroup of G’. Analo-
gously for B’.
In addition, one has A'NB/'C AN B=|e|.
Consequently, G’ = A4’ B/, as desired.
Now, since G’ is directly indecomposable,
one has

either A’ = |e] or B'= |e},
that is to say,

either A is an Abelian subgroup of G
or /3 is an Abelian subgroup of G'.

From this it follows that
either ACZ or BCZ
and, since Z = le}, one concludes that
either 4 =le] or B = {e},

as required.
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